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Hydrodynamic Attractor in Ultracold Atoms

KF & T. Enss, Phys. Rev. Lett. 133, 173402 (2024)
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1. What is hydrodynamic attractor?

Review papers:
P. Romatschke, JHEP 12 079 (2017);
W. Florkowski, M. P. Heller, & M. Spalinski, Rep. Progr. Phys. 81, 046001 (2018);

. Romatschke, Cambridge University Press, (2019);
- J\. Mazeliauskas, & R. Venugopalan, Rev. Mod. Phys. 93, 035003 (2021);

A. . C 82, 319 (2022).
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2. Phenomenological model & Toy model

3. Our proposal for realizing the hydrodynamic attractor
in ultracold atoms
KF & Y. Nishida, PRA 98, 063634 (2018).

4. Summary KF &T. Enss, PRL 133, 173402 (2024)
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UL NGV Q: What kind of relaxation does the created plasma exhibit?
COLLISION EXPERIMENT

EXPANSION A: Hydrodynamics works immediately after the collision.

To successfully reproduce observables,
hydrodynamic simulations have to be applied at surprisingly early time,
when the system is expected to have

large gradients and strong pressure anisotropy.

Created by ChatGPT.

=P “Unreasonable” effectiveness of hydrodynamics
Hydrodynamics far from local equilibrium ??

‘/ Hydrodynamic attractor is the key idea for solving this puzzle.
Although this concept was originally motivated by heavy-ion collisions,
it should be significant as a general problem regarding

how non-equilibrium relaxation dynamics can be reduced to hydrodynamics.
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‘/ Hydrodynamic Attractor ~_, ___anattractor exhibiting “hydrodynamic” behavior

2> Local equilibrium

(Hydrodynamics)

» The initial-condition dependence has been lost, but it is not in local thermal equilibrium.

» Emergence from a restricted class of non-equilibrium states, such as heavy-ion collision, etc.

Hydrodynamic attractor describes hydrodynamization before local thermalization.
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2> Local equilibrium

(Hydrodynamics)

Hydrodynamic attractor describes hydrodynamization before local thermalization.

Hydrodynamization:
The charge fluxes are expressed in terms of the charge densities and their derivatives.

e.g. energy-momentum tensor  TH¥(x) = TH[B(x), p(x), u(x)]

Local thermalization:
The system is described in terms of a local Gibbs state at the state level.

P(X) 2 PGivps B0, P(X), p(x)]



Hydrodynamization & Local thermalization 519

Hydrodynamic attractor describes hydrodynamization before local thermalization.

In the absence of background flows, these two concepts are considered identical.

Obvious : local thermalization — hydrodynamization

With the use of gradient expansion, we can find the standard hydrodynamic equations.
M Masaru’s talk

In the presence of background flows, these two concepts requires distinction.

E.g. relaxation process under expansion M Michel’s lecture
HIGH-ENERGY HEAVY-ION (In the context of heavy-ion collisions, Bjorken flow, Gubser flow)
COLLISION EXPERIMENT

EXPANSION In the hydrodynamization stage,
it is not necessarily assumed that the gradients are small.

T"(x) = T"[p(x), p(x), p(x)]

» The explicit functional form is unspecified.
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suCh as pressure anisotropy
» 7, = 0 at local equilibrium
(a =1,2,...,# of relevant parameters )

> Local equilibrium

(Hydrodynamics)

Initial conditions **

We effectively describe their time evolution
under a background flow that ultimately leads to local equilibrium.
such as expansmns in heavy ion collisions

Minimal effective model : describing the competition between relaxation and driving
20,7, (1) + 7w (1) = [ (1, ) 7p : Relaxation time

(1) : Quantity that vanish at local equilibrium  f (¢, 7) : Driving force originating from a background flow

The solutions of this model explicitly demonstrate the trajectories shown in the schematic figure.
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Minimal effective model : describing the competition between relaxation and driving
720,77 (1) + 7w (1) = [ (1, ) 7p : Relaxation time

7, (t) : Quantity that vanish at local equilibrium  f (¢, xr) : Driving force originating from a background flow

» Similar to a MIS-type equation in the context of relativistic hydrodynamics

Navier-Stokes hydro. :

][l.j(t, )_5) = = ’761']' T : traceless part of the stress tensor

" Shear stress

MIS formulation : hydrodynamics extended to include the relaxation time 7p
TR0, 7, X) + mi(t, X) = — no;;

Atlong time 7 > 7, the standard Navier-Stokes relation 7;; = — 770, is recovered.

[fpe T

One way to get the above effective model is to simplify such MIS-type equations.
More microscopic approaches: kinetic theory, holography, etc.
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Minimal effective model : describing the competition between relaxation and driving
720,77 (1) + 7w (1) = [ (1, ) 7p : Relaxation time

7, (t) : Quantity that vanish at local equilibrium  f (¢, xr) : Driving force originating from a background flow

» Similar to a MIS-type equation in the context of relativistic hydrodynamics

» f (¢, ) possesses complexity due to microscopic structures
such as conservation laws and the temperature dependence of transport coefficients and so on.

» Such an effective model is derived for heavy-ion collisions
from the extended hydrodynamic model under Bjorken flow

d 4
Td—E(T) — —FE(7) + ¢(7) T —¢(T) = ——¢(T) ¢(7)
T 3 3 T

E(7) : Energy density ¢(r) = — 7’y : Shear stress (T : proper time)
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Minimal effective model : describing the competition between relaxation and driving
720,77 (1) + 7w (1) = [ (1, ) 7p : Relaxation time

7, (t) : Quantity that vanish at local equilibrium  f (¢, xr) : Driving force originating from a background flow

» Similar to a MIS-type equation in the context of relativistic hydrodynamics

» f (¢, ) possesses complexity due to microscopic structures
such as conservation laws and the temperature dependence of transport coefficients and so on.

» Such an effective model is derived for heavy-ion collisions
from the extended hydrodynamic model under Bjorken flow

> In the absence of background flow, the system naively approaches local equilibrium (7 = 0).
et () = ﬂoe—f/TR Exponential decay of 7(¢)
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attractor behavior in a nu

As a hyper-simplified toy example,
we roughly approximate the background fluid expansion as f(#, 7) o« 7.

70,7(1) + 7(1) =fp0wer(t) With  foower() = 7 X (tO/t)y Initial condition : () = 7,

What we expect in this example
> fpower(t) vanishes at long time — The system eventually approaches local equilibrium, 7 = 0.
JHow do the solutions approach local equilibrium?

> At long time 7 >> 75, the solution should be well described by an expansion in 75/t
analogue of the derivative expansion w.r.t 70,

7(1)/ my - attractor underlying hydrodynamics
A\ : Oth-order in 75/t LR H
0.08:-\ | . 1st-order in 7./t Expanded solutions (i.e., hydrodynamic prediction)
- o . . - R
0.06 " . ions wi T
T\\ - :S%liaj";“eorgﬁtvslrlltirt]ial conditions Oth-order : () prower(t) 1st-order : 7(7) prower(t) S yTR

0.04}
0020

SO 217 = 1/, |  Solutions converge to an attractor
' 10 before converging to the hydrodynamic predictions.
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TR07(1) + (1) = frower(D)

with  f;

power

7 (t)/ m —— : attractor

0.10; ,

. 085 N : Oth-order in rR/t
RN - - - :1st-orderin 75/t

0.067\ Soluti .

:/\ . oI_utlons VYIt.h. B
0.04F % + different initial conditions
0.02/

4 6 8 TR

» Analytic solution

Non-hydro. mode

" ds
(1) = Shn
t

TR

ini

() el R

Expansion with respect to 7.

n(t) = .e_(t_tini)/frelax + A ‘4 :
( ) ini att( ) <\ T (D) AN (D) [1 + }/TTR + y(y + 1)<T—f> st ] : Divergent series
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(e Initial condition : z(¢,.) = ..

Solutions converge to an attractor
before converging to the hydrodynamic predictions.

You might ask o

Can we see the attractor
if we push the expansion to sufficiently high order?

» No!! The expansion is asymptotic.

/t.

relax

n th-order coefficient x (n + y)! — factorial divergent

(Borel summable)
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What the toy model captures f(t,n) ~ 77 Minimal effective model
» Hydrodynamization before TR0, (1) + 7m,(t) = [, (¢, 7)
71 the low-order gradient expansion becomes reliable.
Disappearance of initial condition dependence in the toy model 70/,  attractor
( )pp R § i : g’;gf_\ : Oth-order in 7/t
r,(?) is referred to as the hydrodynamic attractor, 03¢ \. . _ .
; when f (z, n) is internally provided. o.%% goﬁ,;';?fn': in /1
0.04 A » different initial conditions
N
» Asymptotic nature of the derivative expansion 0-02/
In a heavy-ion collision model, ; 4 6 8 10 t/Tg

hydrodynamic gradient expansion is asymptotic.

—P |ts Borel sum leads to the attractor.

M. P. Heller and M. Spalinski, PRL 115, 072501 (2015).
“Hydrodynamics Beyond the Gradient Expansion:
Resurgence and Resummation”
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What the toy model captures f(t,n) ~ 77 Minimal effective model
» Hydrodynamization before TR0, (1) + 7m,(t) = [, (¢, 7)
71 the low-order gradient expansion becomes reliable.
Di f initial condition d d in the t del rim — :attractor
|s(a)ppearance ot InI Itah cc:‘n dI IO:‘:Il epen entc;e ll‘lt € 1oy moade 2(1):\ - Oth-order in TR/t
r,(?) is referred to as the hydrodynamic attractor, 03¢ . -1st-order i /
; when f (¢, ) is internally provided. o.%% :SO?uti;'; frffr'; in 7/
0_04:/\/\ - different initial conditions
» Asymptotic nature of the derivative expansion 0-02/
4 6 s 10!/

What the toy model misses

» The complexity of f (z,7) and its resulting rich structure

e.g. fixed-point structure
Local equilibrium 7 = O can be regarded as a trivial fixed point when f = 0.
Any other transient fixed points?

» The origin of the effective model

» How to derive this model from microscopic theories?
« How many degrees of freedom are required? (ldentification of the slow manifold)
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P. Romatschke & U. Romatschke, Cambridge University Press, (2019);
J. Berges, M. P. Heller, A. Mazeliauskas, & R. Venugopalan, Rev. Mod. Phys. 93, 035003 (2021);

A. Soloviev, Eur. Phys. J. C 82, 319 (2022).

2. Phenomenological model & Toy model
Lesson : A certain class of f, (¢, 7) leads to hydrodynamic attractors.

3. Our proposal for realizing the hydrodynamic attractor
in ultracold atoms

KF &Y. Nishida, PRA 98, 063634 (2018).
4. Summary KF &T. Enss, Phys. Rev. Lett. 133, 173402 (2024)
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2 2 Local equilibrium

(Hydrodynamics)

Can we observe this attractor behavior in real-time dynamics?
-~ In heavy-ion collisions, we can only access

@/ the final-state particle momenta as observables.
. Ultracold atom experiments offer
e well-controlled time-resolved measurements.

m=)> Proposal of “a fluid ex

pansion” leading to the attractor, realizable in ultracold atoms

Our Key idea: Kra&T EnssPhys. Rev. Lett. 133, 173402 (2024)
Realizing phenomena equivalent to fluid expansions
by driving the scattering length.
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Ultracold atomic gases :
« Their inter-particle interaction is characterized only by the (s-wave) scattering length a.

» The scattering length a can be tuned via Feshbach resonances.
Its spatiotemporal modulation is also possible.

Time-dependent scattering length a(?)
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Ultracold atomic gases :
« Their inter-particle interaction is characterized only by the (s-wave) scattering length a.

» The scattering length a can be tuned via Feshbach resonances.
Its spatiotemporal modulation is also possible.

Time-dependent scattering length a(?)

Hydrodynamically, this a(?) results in the same effect as isotropic fluid expansion.

In terms of Fluid Size
Iil i. Scattering Length

these two phenomena are equivalent.

Isotropic expansion __ Shrinking & stretching
& contraction — of the scattering length
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Ultracold atomic gases :
« Their inter-particle interaction is characterized only by the (s-wave) scattering length a.

» The scattering length a can be tuned via Feshbach resonances.
Its spatiotemporal modulation is also possible.

Time-dependent scattering length a(?)

Hydrodynamically, this a(7) results in the same effect as isotropic fluid expansion.

In terms of e sl2e
Iil ,L. Scattering Length

these two phenomena are equivalent.

\/Driving the scattering length allows us to emulate arbitrary isotropic fluid expansion,
while the system remains uniform and at rest.
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v. Lett. 133, 173402 (2024)

‘/Driving the scattering length allows us to emulate arbitrary isotropic fluid expansion,
while the system remains uniform and at rest.

The power-law driving of the scattering length N ClaO) ra= 12— Solomiom
— simulation of a hyper-simplified toy model. Loy —— attractor
pEEra p ) 0-85 ideal hydro (0th)
. X a\(t) = { 2 B 0.6; Navier—Stokes (1st)
a, a _>_ (/)™ (> 1) 0.4] — — - 2nd-order hydro
& 1—)—%“ 1 . 02i
KF & Y. Nishida, PRA 98, 063634 (2018). £k = > 0-00 T T T T T T T s ety

» Visible in experiments : for example, in a two-component Fermi gas of 4OK, Thywissen group, Science (2014), PRL (2017)
the time window #/7,.;,, ~ 5 — 10 will be visible.

» Contact dynamics was measured with 0.1ms time resolution. (Ep ~ h X 20kHz, T/Tp ~ 0.25 =¥ ... ~ 0.15 ms)

JThe DQVG'Opment Of ThlS ResearCh M. P. Heller & C. Werthmann, arXiv:2507.02838 (2025)
 The importance of the complexity of f(¢, 7) under the same power-law driving of the scattering length

» Other driving protocol of the scattering length A Mazeliauskas & T. Enss, PRL 136, 103402 (2026)
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‘/ Hydrodynamic Attractor —__.
r——2 22} Local equilibrium
. - (Hydrodynamics)

» Loss of memory of initial conditions
» Asymptotic nature of the derivative expansion

Hydrodynamic attractors are everywherel!
In heavy-ion collisions, cosmology (Hubble expansion),
Du, Huang, & Taya, PRD (2021)  p pmatschke, PRL 120, 012301 (2018)

And in ultracold atoms.

KF & T. Enss, PRL 133, 173402 (2024) L L L LA
- £ Vlest [ c.=0.08 | ™ C,=0.08 |

from extended hydro., kinetic theory, holography... P BN s | oo
0.5} LG0T C,=0.71 ] C, =077 ]

Still many open questions.... : \\\ ==
« How to get f (¢, ), or the effective model? T hoeryao - - - 1 '
ho order ycr ==
« What kind of motion triggers the hydro. attractor? 2 .2..."....1.““’. et " f....1. L
and so on... oT oT oT
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E(T) : Energy density qb(f) = — nyy : Shear stress (7 : proper time)
Assuming conformality
d 4
T—E@)=--E@+¢kx) < —¢( T)=—— — ——45(7) ¢(7)
dr 3 3 g

(7, : relaxation time)

HIGH-ENERGY HEAVY-ION
COLLISION EXPERIMENT

EXPANSION

M. P. Heller and M. Spalinski, PRL 115, 072501 (2015).

2/ (w) : Pressure anisotropy 30 -
w = 71(7) : dimensionless time ”
T(7) : effective temperature defined T -
via E,((T(2)) = E(z) ="
v The expansion of the solution 05 ...-~'
w.r.t. 1/w diverges factorially. S 0.0

04 0.6 0.8




Non-equilibrium dynamics at long time
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Hydrodynamics universally describes long-time and long-distance dynamics.
[>T x> L,

elax

» Local thermal equilibrium assumption

Hydrodynamic equations are constructed based on the derivative expansion w.r.t d, and 0..

Y Trelax/ [ b lmfp/ X
For example,

Stress tensor in hydrodynamics : T;; = po;; + pv,v; + (viscous terms) + -+
Oth order st order higher order




namics with time-dep. scattering length
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Focusing on two-component Fermi gases in the normal phase (uniform, 3-dim)

» Energy density production (Dynamic sweep theorem)
d C(t d : i
A= (1) a(t) & (1) : Energy density
dt drma?(t) dt C(?) : Contact density

» Contact density (conjugate quantity to the scattering length)

C(r) = Ceq[a(t)] + 12zma(t)7(t) () represents the pressure deviation from its equilibrium value.
Dissipative correction of. Pressure relation P = 2% + —C
12zma

» Hydrodynamic relaxation dynamics for 7z ()
d,a(?)

7“-relaxatn-(t) + ﬂ(t) o _,nga(t) with Vi) =-3

a(t)
ol B a a

Bulk viscosity Bulk strain rate tensor — —
The bulk viscosity is given In general situation with fluid velocity v(z, X)
by the contact-contact correlation V(6 2) = VP B) = 3[@“(’; B Sy adr)
M Tilman’s talk 2 %) Ger)

‘/The consequence of the equivalence



» Hydrodynamic relaxation dynamics for 7z ()

0,a(?)
a(t)

Trelaxatﬂ(t) + ﬂ(t) 3T _’nga(t) with V(i)=-3

o cf. Muller-Israel-Stewart theory in relativistic hydrodynamics

« One can derive this equation from the linear-response theory with exponential relaxation.

; oC(t
oC(t) = " dt’ ® sa~1(t) it ORI <aaC1

oa—1(t) da=l(t)

(valid for long times)

>eq€_(f—t’)/7relax <—> C(a)) =

—1
@ + lTrelaX

 The gradient expansion underlying the hydrodynamics corresponds to

expanding the solution 7(¢) with respectto 7,

/t.

From the equation, #(f) ==V (1) + O(7..1 /1)

elax

» Higher-order hydrodynamic corrections can be obtained

Navier-Stokes hydro. Result from the expansion as needed.
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» Hydrodynamic relaxation dynamics for 7z ()

0,a(t)
a(t)

Trelaxatﬂ(t) + ﬂ(t) 3T _”Q_Ya(t) with V(i)=-3

[ Protocol for driving the scattering length :

Initially push the system out of equilibrium, then let it gradually approach thermal equilibrium

» Example for two-comp. Fermi gases close to the unitary limit

1 ay s (r<1) Keep the scattering length fixed at a value @, until t = 7,
a — e : =
ak—l(t/tk)—a &> 1) then start the power-law driving, i.e., a(t) « t“.
» The system approaches equilibrium because of V (1) = — 3a/t.
at)'4
;:\ Power-law driving
By varying a, & t;, various initial states can be realized. 1 : \\ a(t) x 1%
G2 \Gradually aﬂproachinq
-~ : g the unitary limit
a = ai(t/7,)" is fixed i —>= <
so that the driven scattering length follows a single curve. lk t




Resulting ¢

» Hydrodynamic relaxation dynamics for 7z ()

attractor behavior

Telax0() + 7(t) = = LV, () | with | V,()=-3

[ Protocol for driving the scattering length :

Initially push the system out of equilibrium, then let it gradually approach thermal equilibrium

» Example for two-comp. Fermi gases close to the unitary limit

A

a(t)_“ |‘
—;—j\
?—

e () x 1*

T 7

a;'\(t/)™™ @ >1)

N
7

.
»

Dimensionless 7(?)

» Solutions first converge to the attractor.

» Afterwards, the attractor approaches
the hydrodynamic behavior.

(Assuming ([a] « a=>

around the unitary limit)

z(t)/(z elaxé;[a(l‘)]) fora = 1/2

Solutions from

different initial conditions

1.0 e attractor

0.8 ideal hydro (Oth)

0.6 Navier—Stokes (1st)

0.4 \\\ — - 2nd-order hydro

0.2 -

0.0' 1 Tretan
0 10 15




Analytic results : divergence of the expansion

1 . () (T, Sla®) fora = 1/2
a(t) . i {ak‘l (t < 1) 1.0; /

al(t/n)™ (t>1) 0.8

—_ a H

+ - . j

— [

1 . 0.6j
a;, => a

Solutions from
different initial conditions

s attractor
ideal hydro (Oth)
Navier—Stokes (1st)

~
| -
»

2nd-order hydro

- > S 0.2] 7
i ! 0.0 WILBMMI — e e 1 T
: : 0 5 10 15
» Analytical solution
ity V Attractor solution .o = 2% 1yetetanr2a, - /5,
ﬂ'(l‘) — ﬂinie ini// Trelax + ﬂatt(t) Tatt Tl relax
« Does NOT depend on g, & 1, separately Universal!!
Non-hydrodynamic mode » Can be expanded with respect to 7., /.

« Depend on initial conditions a; & 7, 70 () ~ (T /021 4+ @+ D /) + ] . divergent series
« Cannot be expanded w.r.t 7., /? S, TR

n th-order coefficient < (n + 2a)! = factorial divergent
(Borel summable)

The gradient expansion for the attractor solution is significantly less accurate.
» The attractor solution cannot be obtained even if higher-order fluid corrections are summed up.
» Origin of time-scale separation: non-hydro = attractor, attractor =>hydro.



. scattering length

Equivalence between isotropic fluid expansion and
contraction of scattering length

In ultracold atomic gases whose inter-particle interaction is characterized only by the s-wave scattering length,

da a —
- — —

\

Relative size chang‘e between the fluid size & the scattering length

‘/We can realize isotropic fluid expansion in a well-controlled manner
without moving parts by using a(7).

via Feshbach resonance



