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T ) ŨT

 is non-unitary. ŨT
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ŨT

5

M. Akila, D. Waltner, B. Gutkin, 
T. Guhr, arXiv:1602.07130.



Dual unitary B. Bertini, P. Clayes, T. Prosen: 
arXiv:2505.11489 

6



Dual unitary B. Bertini, P. Clayes, T. Prosen: 
arXiv:2505.11489 

6

= Unitary 

α β

i j



Dual unitary B. Bertini, P. Clayes, T. Prosen: 
arXiv:2505.11489 

6

i α

βj

= Unitary 

α β

i j



Dual unitary B. Bertini, P. Clayes, T. Prosen: 
arXiv:2505.11489 

Unitary ≠

6

i α

βj

= Unitary 

α β

i j



Dual unitary B. Bertini, P. Clayes, T. Prosen: 
arXiv:2505.11489 

Unitary ≠

6

i α

βj

= Unitary 

α β

i j

= Unitary 

α β

i j



Dual unitary B. Bertini, P. Clayes, T. Prosen: 
arXiv:2505.11489 

Unitary ≠

6

α

β

i

j

i α

βj

= Unitary 

α β

i j

= Unitary 

α β

i j



Dual unitary B. Bertini, P. Clayes, T. Prosen: 
arXiv:2505.11489 

Unitary ≠

6

= Unitary 

α

β

i

j

i α

βj

= Unitary 

α β

i j

= Unitary 

α β

i j



Dual unitary B. Bertini, P. Clayes, T. Prosen: 
arXiv:2505.11489 

Unitary ≠

a b c d
e f g h
i j k l
m n o p

6

= Unitary 

α

β

i

j

i α

βj

= Unitary 

α β

i j

= Unitary 

α β

i j



Dual unitary B. Bertini, P. Clayes, T. Prosen: 
arXiv:2505.11489 

Unitary ≠

a b c d
e f g h
i j k l
m n o p

6

= Unitary 

α

β

i

j

i α

βj

= Unitary 

α β

i j

= Unitary 

α β

i j



Dual unitary B. Bertini, P. Clayes, T. Prosen: 
arXiv:2505.11489 

Unitary ≠

a b c d
e f g h
i j k l
m n o p

a b e f
c d g h
i j m n
k l o p

6

= Unitary 

α

β

i

j

i α

βj

= Unitary 

α β

i j

= Unitary 

α β

i j



Dual unitary B. Bertini, P. Clayes, T. Prosen: 
arXiv:2505.11489 

Unitary ≠

a b c d
e f g h
i j k l
m n o p

a b e f
c d g h
i j m n
k l o p

6

= Unitary 

α

β

i

j

i α

βj

= Unitary 

α β

i j

= Unitary 

α β

i j



Dual unitary

7



Dual unitary

 Correlation functions.

B. Bertini, P. Kos, T. Prosen: PRL 123, 210601,2018. 

PW. Claeys, A. Lamacraft, PRL. 126, 100603, 2021.

7



Dual unitary

 Spectral form factor.

B. Bertini, P. Kos, T. Prosen, 
PRL 121, 264101,2018. 

 Correlation functions.

B. Bertini, P. Kos, T. Prosen: PRL 123, 210601,2018. 

PW. Claeys, A. Lamacraft, PRL. 126, 100603, 2021.

7



Dual unitary

 Spectral form factor.

B. Bertini, P. Kos, T. Prosen, 
PRL 121, 264101,2018. 

 Spread of entanglement.

B. Bertini, P. Kos, T. Prosen: 
PRX 9, 021033, 2019.

 Correlation functions.

B. Bertini, P. Kos, T. Prosen: PRL 123, 210601,2018. 

PW. Claeys, A. Lamacraft, PRL. 126, 100603, 2021.

7



Pure state Entanglement

8

N L − N

B. Bertini, P. Kos, T. Prosen: 
PRX 9, 021033, 2019.



Pure state Entanglement

8

|ψθ,ϕ⟩ =
L

⨂
k=1

(cos ( θk

2 ) |↑⟩ + eiϕk sin ( θk

2 ) |↓⟩) .Initial state:

N L − N

B. Bertini, P. Kos, T. Prosen: 
PRX 9, 021033, 2019.



Pure state Entanglement

8

|ψθ,ϕ⟩ =
L

⨂
k=1

(cos ( θk

2 ) |↑⟩ + eiϕk sin ( θk

2 ) |↓⟩) .Initial state:

N L − N

B. Bertini, P. Kos, T. Prosen: 
PRX 9, 021033, 2019.

Reduced density matrix: ρA(t) = TrB[ |ψθ,ϕ⟩⟨ψθ,ϕ | ]



Pure state Entanglement

8

|ψθ,ϕ⟩ =
L

⨂
k=1

(cos ( θk

2 ) |↑⟩ + eiϕk sin ( θk

2 ) |↓⟩) .Initial state:

N L − N

B. Bertini, P. Kos, T. Prosen: 
PRX 9, 021033, 2019.

Reduced density matrix: ρA(t) = TrB[ |ψθ,ϕ⟩⟨ψθ,ϕ | ]



Pure state Entanglement

8

|ψθ,ϕ⟩ =
L

⨂
k=1

(cos ( θk

2 ) |↑⟩ + eiϕk sin ( θk

2 ) |↓⟩) .Initial state:

N L − N

B. Bertini, P. Kos, T. Prosen: 
PRX 9, 021033, 2019.

Reduced density matrix: ρA(t) = TrB[ |ψθ,ϕ⟩⟨ψθ,ϕ | ]

S(n)
A (t) =

1
1 − n

Tr[(ρA(t))n]Rényi entropy:



Pure state Entanglement

8

|ψθ,ϕ⟩ =
L

⨂
k=1

(cos ( θk

2 ) |↑⟩ + eiϕk sin ( θk

2 ) |↓⟩) .Initial state:

N L − N

Replica trick: Tr[(ρA(t))n]

B. Bertini, P. Kos, T. Prosen: 
PRX 9, 021033, 2019.

Reduced density matrix: ρA(t) = TrB[ |ψθ,ϕ⟩⟨ψθ,ϕ | ]

S(n)
A (t) =

1
1 − n

Tr[(ρA(t))n]Rényi entropy:



9

B. Bertini, P. Kos, T. Prosen: 
PRX 9, 021033, 2019.Pure state Entanglement



9

B. Bertini, P. Kos, T. Prosen: 
PRX 9, 021033, 2019.

S(n)
A (t) =

1
1 − n

log tr
N

∏
j=1

𝕋θj,ϕj [hj] ℙ
L

∏
j=N+1

𝕋θj,ϕj [hj] ℙ† .

Pure state Entanglement



9

B. Bertini, P. Kos, T. Prosen: 
PRX 9, 021033, 2019.

S(n)
A (t) =

1
1 − n

log tr
N

∏
j=1

𝕋θj,ϕj [hj] ℙ
L

∏
j=N+1

𝕋θj,ϕj [hj] ℙ† .

Pure state Entanglement

For special state such that θj =
π
2



9

B. Bertini, P. Kos, T. Prosen: 
PRX 9, 021033, 2019.

S(n)
A (t) = min(2t, LA)ln(2)

S(n)
A (t) =

1
1 − n

log tr
N

∏
j=1

𝕋θj,ϕj [hj] ℙ
L

∏
j=N+1

𝕋θj,ϕj [hj] ℙ† .

Pure state Entanglement

For special state such that θj =
π
2



9

B. Bertini, P. Kos, T. Prosen: 
PRX 9, 021033, 2019.

S(n)
A (t) = min(2t, LA)ln(2)

S(n)
A (t) =

1
1 − n

log tr
N

∏
j=1

𝕋θj,ϕj [hj] ℙ
L

∏
j=N+1

𝕋θj,ϕj [hj] ℙ† .

All the Rényi entropies as the same!!!

Pure state Entanglement

For special state such that θj =
π
2



Separable states

10

: RMP, Vol.81, 865, 2009 Horodecki4



Separable states
Consider the total Hilbert space  which is a tensor product of subsystem spaces H

10

: RMP, Vol.81, 865, 2009 Horodecki4



Separable states
Consider the total Hilbert space  which is a tensor product of subsystem spaces H

H = ⊗L
n=1 Hn

10

: RMP, Vol.81, 865, 2009 Horodecki4



Separable states
Consider the total Hilbert space  which is a tensor product of subsystem spaces H

H = ⊗L
n=1 Hn

The total state of the system is then of the form

10

: RMP, Vol.81, 865, 2009 Horodecki4



Separable states
Consider the total Hilbert space  which is a tensor product of subsystem spaces H

H = ⊗L
n=1 Hn

The total state of the system is then of the form

|ψ⟩ = ∑
i1,⋯,iL

ci1,⋯,iL | i1⟩ ⊗ | i2⟩ ⊗ ⋯ ⊗ | iL⟩ .

10

: RMP, Vol.81, 865, 2009 Horodecki4



Separable states
Consider the total Hilbert space  which is a tensor product of subsystem spaces H

H = ⊗L
n=1 Hn

The total state of the system is then of the form

|ψ⟩ = ∑
i1,⋯,iL

ci1,⋯,iL | i1⟩ ⊗ | i2⟩ ⊗ ⋯ ⊗ | iL⟩ .

In general : |ψ⟩ ≠ |ψ1⟩ ⊗ |ψ2⟩ ⊗ ⋯ |ψL⟩

10

: RMP, Vol.81, 865, 2009 Horodecki4



Separable states
Consider the total Hilbert space  which is a tensor product of subsystem spaces H

H = ⊗L
n=1 Hn

The total state of the system is then of the form

|ψ⟩ = ∑
i1,⋯,iL

ci1,⋯,iL | i1⟩ ⊗ | i2⟩ ⊗ ⋯ ⊗ | iL⟩ .

In general : |ψ⟩ ≠ |ψ1⟩ ⊗ |ψ2⟩ ⊗ ⋯ |ψL⟩

10

: RMP, Vol.81, 865, 2009 Horodecki4



Peres–Horodecki criterion

11

Asher Peres: PRL. 1996.
: PLA, I996Horodecki3



Peres–Horodecki criterion

If ρ = ∑ pi ρA
i ⊗ ρB

i such that ∑ pi = 1.

11

Asher Peres: PRL. 1996.
: PLA, I996Horodecki3



Peres–Horodecki criterion

If ρ = ∑ pi ρA
i ⊗ ρB

i such that ∑ pi = 1.

⟹ ρTA has no non-negative eigenvalues.

11

Asher Peres: PRL. 1996.
: PLA, I996Horodecki3



Peres–Horodecki criterion

If ρ = ∑ pi ρA
i ⊗ ρB

i such that ∑ pi = 1.

⟹ ρTA has no non-negative eigenvalues.

Then one can define: 𝒩 =
||ρTA||2 − 1

2
, ||X||2 = Tr( |X | ) .

11

Asher Peres: PRL. 1996.
: PLA, I996Horodecki3



Peres–Horodecki criterion

If ρ = ∑ pi ρA
i ⊗ ρB

i such that ∑ pi = 1.

⟹ ρTA has no non-negative eigenvalues.

Then one can define: 𝒩 =
||ρTA||2 − 1

2
, ||X||2 = Tr( |X | ) .

A computable measure: ℰ(t) = ln Tr ( (ρTB
AB(t))†ρTB

AB(t)) .

11

Asher Peres: PRL. 1996.
: PLA, I996Horodecki3



Setup

12

LA LB LC

TP arXiv:2603.14292



Setup

12

LA LB LC

TP arXiv:2603.14292

|ψθ,ϕ⟩ =
L

⨂
k=1

(cos ( θk

2 ) |↑⟩ + eiϕk sin ( θk

2 ) |↓⟩) .Initial state:



Setup

12

LA LB LC

TP arXiv:2603.14292

|ψθ,ϕ⟩ =
L

⨂
k=1

(cos ( θk

2 ) |↑⟩ + eiϕk sin ( θk

2 ) |↓⟩) .Initial state:



Setup

12

LA LB LC

TP arXiv:2603.14292

|ψθ,ϕ⟩ =
L

⨂
k=1

(cos ( θk

2 ) |↑⟩ + eiϕk sin ( θk

2 ) |↓⟩) .Initial state:

Reduced density matrix: ρAB(t) = TrC[ |ψθ,ϕ⟩⟨ψθ,ϕ | ]



Setup

12

LA LB LC

TP arXiv:2603.14292

|ψθ,ϕ⟩ =
L

⨂
k=1

(cos ( θk

2 ) |↑⟩ + eiϕk sin ( θk

2 ) |↓⟩) .Initial state:

Reduced density matrix: ρAB(t) = TrC[ |ψθ,ϕ⟩⟨ψθ,ϕ | ]

ℰ(t) = ln Tr ( (ρTB
AB(t))†ρTB

AB(t)) .Logarithmic negativity:



Setup

12

LA LB LC

TP arXiv:2603.14292

|ψθ,ϕ⟩ =
L

⨂
k=1

(cos ( θk

2 ) |↑⟩ + eiϕk sin ( θk

2 ) |↓⟩) .Initial state:

Replica trick: ln(Tr[(ρTB
AB(t))2n)]

Reduced density matrix: ρAB(t) = TrC[ |ψθ,ϕ⟩⟨ψθ,ϕ | ]

ℰ(t) = ln Tr ( (ρTB
AB(t))†ρTB

AB(t)) .Logarithmic negativity:



Results

Lemma: For large  and the initial state belonging to  class, the even 
moments  are given as follows: 


                                  

LA, LB, LC 𝒯
ℰ2n(t)

ℰ2n(t) = ln(Tr((ρTB
AB(t)2n))) = (4 − 6n)t ln(2) .

TP arXiv:2603.14292

13



Results

Lemma: For large  and the initial state belonging to  class, the even 
moments  are given as follows: 


                                  

LA, LB, LC 𝒯
ℰ2n(t)

ℰ2n(t) = ln(Tr((ρTB
AB(t)2n))) = (4 − 6n)t ln(2) .

TP arXiv:2603.14292

13

ℰ(t) = t ln(2) .For 2t < LA, LB



Mutual information

14

TP arXiv:2603.14292

I(α)
A:B(t) = S(α)

A (t) + S(α)
B (t) − S(α)

AB (t)



Mutual information

14

TP arXiv:2603.14292

I(α)
A:B(t) = S(α)

A (t) + S(α)
B (t) − S(α)

AB (t)

For KFIM: I(α)
A:B(t) = (min(2t, LA) + min(2t, LB) − min(2t, LAB))ln(2) .



Mutual information

14

TP arXiv:2603.14292

I(α)
A:B(t) = S(α)

A (t) + S(α)
B (t) − S(α)

AB (t)

For KFIM: I(α)
A:B(t) = (min(2t, LA) + min(2t, LB) − min(2t, LAB))ln(2) .

At early times we thus have 2ℰ(t) = I(α)
A:B(t)



Solvable states

15

TP arXiv:2603.14292

▲

▲

▲

▲

▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲

▮

▮

▮

▮
▮ ▮ ▮ ▮ ▮ ▮ ▮ ▮ ▮ ▮ ▮ ▮

●

◆

0.0 2.5 5.0 7.5 10.0 12.5
0

2

4

6

▲ ▲

▲

▲

▲

▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲

▮ ▮

▮

▮

▮
▮ ▮ ▮ ▮ ▮ ▮ ▮ ▮ ▮ ▮ ▮

0.0 2.5 5.0 7.5 10.0 12.5

L = 21, LA = LB = LC = 7



Generic states

16

TP arXiv:2603.14292

▲

▲

▲

▲

▲
▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲

▮

▮

▮

▮

▮ ▮ ▮ ▮ ▮ ▮ ▮ ▮ ▮ ▮ ▮ ▮

●

◆

0

2

4

6

▲

▲

▲

▲

▲
▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲

▮

▮

▮

▮

▮ ▮ ▮ ▮ ▮ ▮ ▮ ▮ ▮ ▮ ▮ ▮

▲
▲

▲

▲

▲
▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲

▮
▮

▮

▮

▮ ▮ ▮ ▮ ▮ ▮ ▮ ▮ ▮ ▮ ▮ ▮

0.0 2.5 5.0 7.5 10.0 12.5
0

2

4

6

▲
▲

▲

▲

▲

▲
▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲

▮
▮

▮

▮

▮

▮ ▮ ▮ ▮ ▮ ▮ ▮ ▮ ▮ ▮ ▮

0.0 2.5 5.0 7.5 10.0 12.5

L = 21, LA = LB = LC = 7



17

TP arXiv:2603.14292

Solvable state: LC ≫ LA, LB
▲

▲

▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲▮

▮

▮ ▮ ▮ ▮ ▮ ▮ ▮ ▮ ▮ ▮ ▮

▲

▮

0

1

2

3

▲

▲

▲

▲

▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲▮

▮

▮

▮

▮ ▮ ▮ ▮ ▮ ▮ ▮ ▮ ▮ ▮ ▮ ▮ 0

2

4

6

▲

▲

▲

▲

▲

▲

▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲▮

▮

▮

▮

▮

▮

▮ ▮ ▮ ▮ ▮ ▮ ▮ ▮ ▮ ▮
0.0 2.5 5.0 7.5 10.0 12.5
0

2

4

6

8

▲

▲

▲

▲ ▲

▲

▲

▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲▮

▮

▮

▮ ▮

▮

▮

▮ ▮ ▮ ▮ ▮ ▮ ▮ ▮ ▮
0.0 2.5 5.0 7.5 10.0 12.5

0

2

4

6

8

L = 30

Lc = 26 Lc = 22

LC = 18 LC = 16



17

TP arXiv:2603.14292

Solvable state: LC ≫ LA, LB
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Generic state: LC ≫ LA, LB
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Conjecture:                            ,


 hold for generic states at all times . Specifically, for  , we have    


                             

2ℰ(t) = I(α)
A:B(t)

t 2t ≫ LA, LB, LC

2ℰ(t) = I(α)
A:B(t){ = 0, LA, LB ≪ LC,

≠ 0, LA = LB = LC,



Summary

 We derive the relation   for the self dual kicked field Ising model. 


 A plausible conjecture for generic states and for all times


 We can further show that at early times   at early times. 


 What about going perturbatively away from self dual point.

2ℰ(t) = I(α)
A:B(t)

2ℰ(t) = I(α)
A:B(t) =

2
3

ℰ(O)(t)

20



Summary

 We derive the relation   for the self dual kicked field Ising model. 


 A plausible conjecture for generic states and for all times


 We can further show that at early times   at early times. 


 What about going perturbatively away from self dual point.

2ℰ(t) = I(α)
A:B(t)

2ℰ(t) = I(α)
A:B(t) =

2
3

ℰ(O)(t)

20

arXiv:2606.0220


