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Motivation of this tutorial talk

Thermodynamics
[macroscale]

Temperature, pressure, ...
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Motivation of this tutorial talk

Universality of nonequilibrium
many-body dynamics
from quantum mechanics?




From quantum mechanics to statistical mechanics

Zeitschrift fur Physik 57, 30 (1929)
“Beweis des Ergodensatzes und
des H-Theorems in der neuen Mechanik”
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Thermalization in isolated systems
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He essentially provided modern ideas
(eigenstate thermalization, random matrices, ...)
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Experiments of
nonequilibrium quantum many-body dynamics

Artificial quantum systems: quantum simulators/computers n
cold atom, superconducting qubits, trapped ions, ... ol
Noiseless systems with extreme controllability =g =W
— Platform to investigate non-equilibrium physics Thermalization
from quantum mechanics o o

J J

OTOC Coarsening “Surface” growth

(Google) (Harvard) (KAIST)
Google Quantum Al T. Manovitz et al., K. Kwon, ..., RH, ...
and Collaborators, Nature (2025) Nature (2025) arXiv (2026)

Frontier of modern quantum science!



Outline

Part I. Closed quantum systems
Basics of thermalization and eigenstate thermalization
Thermalization, non-integrability, and symmetry

Breakdown of thermalization
Beyond thermalization: second law of thermodynamics

Part Il. Open quantum systems
Measurement theory and GKSL equations
Stationary states and relaxation in GKSL dynamics
Measurement-induced transitions and Lyapunov spectrum



Thermalization and eigenstate
thermalization hypothesis

Review articles:

(Rigorous discussions)
*T. Mori et al., Journal of Physics B 51 (11), 112001 (2018)
*C. Gogolin and J. Eisert, Reports on Progress in Physics 79.5 (2016)

(ETH and quantum chaos)
*L. D’Alessio et al., Advances in Physics 65.3 (2016)



Thermalization and its breakdown

J. Choi et al., Science 352.6293 (2016)

A/J=0 AJJ=13

2D Bose-Hubbard model with disorder
(disorder strength A) t = OTn
Observation of “MBL regime”
& t =937
- 1877.

t = 24971
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Thermalization and its breakdown

J. Choi et al., Science 352.6293 (2016)

A/J=0 AJJ=13
2D Bose-Hubbard model with disorder
(disorder strength A) - OT" n

Problem of quantum thermalization is
much more nontrivial than we naively think!

Eigenstate thermalization hypothesis (ETH) is the key
for understanding thermalization

'\4|'\10.2_ A - B O e = T
| _ 5
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Thermalization of quantum pure states

Initial pure quantum states | )
— Remain pure after time evolutions |y} = ™| )

Different from microcanonical ensemble at the level of density matrices

A A ~ 1
Pr= W)W # Pric D) =—— D0 IENE,]

MiC o:|E —E|<5E

If one focuses on specific observables A
(e.g., macroscopic ones), p, can give thermal values

A(f) = Tr[p,A] =~ Tr[p,. A

1

subextensive correction is neglected in the thermodynamic limit

— Discuss thermalization at the level of observable(s)!



How to characterize thermalization?

In this talk, we focus on long-time thermalization
of observables in large but finite isolated quantum systems

Definition of thermalization A(t)

(Note: the definition differs across the literature) " For almost all times

When A(?) zAAmiC for almost all times, | (‘L A(t) ~ A,
we say that A thermalizes T UI ASmammm ”##?3
| t
Avoid the issue of quantum recurrence 4
Assume that A(#) ~ A(¥) for almost all times,
l.e., the temporal fluctuation is small A= lim L / ' A(t)dt
— 00 0
— We focus on thermalization on Long-time average
temporal average A(f) ~ A .. oo e gss 1



Spectral decomposition

Thermalization on temporal average A(f) ~ A ;. ?

Spectral decomposition H = Z E |E)E,|
A(xﬂ - <Eoc |A |Eﬁ>

(E —FE
- aw= T aget, 0

ap
If there is no degeneracy, the condition is rewritten as

m — 2 |Ca|2Aaa = Amic

If ETH is assumed for the matrix elements A,
this is satisfied regardless of the details of the initial state!



Eigenstate thermalization hypothesis (ETH)

ETH for diagonal matrix elements of A

— For all initial states with small energy fluctuations,
A(f) ~ A, is justified

_ A, SE
A(t)= 3 . —
A
Z|c|<E AIE) ~Ape |
~ o (E,) of
e | ETH

normalization M. Rigol et al., Nature 452, 854-858 (2008)



Thermalization, nonintegrability
and symmetry

Review articles:

(ETH and quantum chaos)
*L. D'Alessio et al., Advances in Physics 65.3 (2016)

(Dynamics of integrable systems)
*L. Vidmar and M. Rigol, J. Stat. Mech. (2016) 064007
*F. H. L. Essler and M. Fagotti, J. Stat. Mech. (2016) 064002



Classification of guantum many-body systems

Nonintegrable systems ETH holds in
H="Y J&56,, +g67 + hé: many systems

— Many models are found to satisfy ETH/thermalization T

Integrable systems *

. . Breakdown of ETH
- Noninteracting systems

- Systems mappable to quadratic forms of quasiparticles
- Systems solvable via Bethe ansatz

conserved quantities given by
(an extensive sum of) local operators

¥

Many local conserved quantities
— ETH and thermalization fail
The stationary state is given by the generalized Gibbs ensemble




Nonintegrablility and ETH

XXZ model on a ladder: tunable integrability

System-size dependence of the ETH?

A

A : spin-z component
0.5

3

Integrable < °f \

No ETH

0.2

Nonintegrable
(chaos)

W. Beugeling et al., Phys. Rev. E 89 (2014).
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Nonintegrablility and ETH

XXZ model on a ladder: tunable integrability

System-size dependence of the ETH?

A

A : spin-z component
0.5

3

Integrable < °f
No ETH o5l

0.2

Nonintegrable

(chaos) < °[u¥iass
ETH: oaf Lt

fluctuations decay
exponentially fast!

W. Beugeling et al., Phys. Rev. E 89 (2014).

(La NT) — (15, 7)

(L, Ny) = (11,5)

J—p—ry

(L7 NT) — (19, 9)




Srednicki’s conjecture

In chaotic quantum systems,

matrix elements at finite sizes are conjectured to follow:
M. Srednicki, J. Phys. A: Math. Gen. 32 1163 (1999)

Agp = A(Ey)0,5 + e—S(E)/zf( E o) R, l;?) - (gg : gf)/z

S(E) = O(N): thermodynamic entropy
f(E, w): smooth function (related with two-point correlator (A(?)A))
R, 5 quasi-random variables with mean 0, variance 1

At finite sizes, the second term decays exponentially ¢ =)
< recovering the ETH in the thermodynamic limit

Within sufficiently small energy shell o < 1,
matrix elements obey statistics predicted by random-matrix theory

See also A. Dymarsky, PRL (2022) for the scale for @



Srednicki’s conjecture

In chaotic quantum systems,

matrix elements at finite sizes are conjectured to follow:
M. Srednicki, J. Phys. A: Math. Gen. 32 1163 (1999)

Anp = A(E)S,5+ e SEPAE, w)R,,

E=(E,+Ey/2

Remark: several directions beyond this conjecture

*Full ETH: higher-order correlations of matrix elements AalazA

0{20{3 0{30(4 °

(necessary to account for multi-point time correlators, e.g., OTOQ)

L. Foini and J. Kurchan, PRE (2019); A. Chan et al., PRL (2019);
C. Murthy and M. Srednicki, PRL (2019); S. Pappalardi et al., PRL (2022)

*Hydrodynamics can give information on matrix elements (e.g., f(E, w))

L. Capizzi et al., PRX (2025); J. Wang et al., PRL (2026)

See also A. Dymarsky, PRL (2022) for the scale for @



Spectral statistics and nonintegrability

ETH and Srednicki’s conjecture
< Motivation from random-matrix theory
Relevant for eigenstates, but how about eigenvalues?

H|E)=E,|E,)

Level-spacing distributions P(s)
P(S)1 3 r r —— SOCEa+1_Ea

0.75 "?__—\IPoiséon (1) _o_o‘:’o_o_E
05! Wigner-Dyson|
0.25¢
O 1 2 374§ 0 1 2 3 48
Integrable Non-integrable (no symmetry)

— Poisson — Random-matrix theory



Symmetry and ETH in nonintegrable systems

—1
Continuous symmetry: U(1) A Z JB. 3., + Zha - small

disorder

Nonintegrable, but with a local conserved quantity O = 2 6°
[H,0] =0 i=1
~~~~~~~ Block diagonalization

x* =P x?
---------------------- T | | by the total magnetization @

0=0

In the mixed symmetry sectors, ETH breaks down
(EQ|A|EQ) (Eﬁ(Q') |A] E}Q’>> 0 =(EQ|Q|EQ) # (EQ|Q|EQ) = 0

Within sectors specified by Q ETH may be recovered
(EQIAIER) =(EP|A|EP) 2



Symmetry and ETH in nonintegrable systems

How about discrete symmetries? 1= J6%6 + Z hé
e.g., transverse-field Ising models (I'FII\/I) i)

[H,V] =
Z symmetry

| Block diagonalization 9 = Y=+l gy gpV=-1

Non- local conserved quantity V = H

by the symmetry

ETH trivially breaks for V for mixed sectors
V=(ELIVIED) #(EVVIED) =V

Typically, ETH can still hold for local observables
even for the mixed sectors

<E0(5V) |Aloc | Eo(cV)> = <E'§V/) |Aloc | Eév)> e'g') Aloc - 8)168)5



Locality of observables and conserved quantities

Local conserved quantities break ETH for local observables

Non-local conserved quantities (from discrete symmetry)
typically do not break ETH for local observables

(B Ao | EY) = (E | Ao | ES)

*Breakdown of ETH for local observables
without local conserved quantities?
< Quantum scars, Hilbert-space fragmentation

*Do non-local conserved quantities lead to breakdown of
ETH for nontrivial non-local observables different from V?

<Ec(xV) |Anloc | Eo(zV)> 75 <El§v) |Anloc | E’év)> ?



Locality of observables and conserved quantities

Local conserved quantities break ETH for local observables

Non-local conserved quantities (from discrete symmetry)
(tvoicallv do not break ETH for local observables

\

A class of non-local observables are proved to break
the ETH for mixed sectors due to discrete symmetry

[O. Fukushima and RH, Physical Review Letters 131 (13), 131602 (2023).]

— ntum scars, Hilbert-space fragmentation

*Do non-local conserved quantities lead to breakdown of
ETH for nontrivial non-local observables different from V?

<Ec(xV) |Anloc | EécV)> 75 <E2V,) |Anloc | E'év,)> ?



Discrete symmetries lead to breakdown of thermalization
for non-local observables

General result: for symmetry VQ (Q C ), assume that
symmetry operator is decomposed as Ve V V— = Qy

— After additional (reasonable) assumptions,
we prove that either Vy or V}7 breaks
the ETH for mixed symmetry sectors

Q=0

Take y local: then the ETH for Vy s typically expected
— Non-local observable \77 breaks the ETH

[O. Fukushima and RH, Physical Review Letters 131 (13), 131602 (2023).]



The case for the higher-form symmetries

How large is V., compared with the total system size?

Conventional global symmetries: dim[Q] = dim[Q]
(Operator size of ‘77) ~ Vol[Q2]

Breakdown of the ETH may be attributed to
the lack of the large “bath” in this case Q=0

Higher-form symmetries: y
dim[Q2] < dim[€2] 0 )
(Operator size of \77) < Vol[Q] ! Q=yuUy

\77 breaks the ETH due to symmetry, despite the large bath

[O. Fukushima and RH, Physical Review Letters 131 (13), 131602 (2023).]



Demonstration: 2D Lattice Z, gauge theory

Z’IIZIHG -8, 6] . _I_

le[] 1€Q Ug I I

Gauge symmetry (local): [H,0,] =0, O, = Ha’?

— Take the sector with O, = + 1 (for all v)

Higher-form symmetry:

[H, lA]Q] =0, Uy = H&;‘, Q is obtained by a closed loop
1eQ

[O. Fukushima and RH, PRL 131 (13), 131602 (2023).]



Demonstration: 2D Lattice Z, gauge theory

=~ Y]]~ X Ja ol

le[] leQ

Gauge symmetry (local): [H,0,]1 =0, O, =

— Take the sector with O, = + 1 (for all v)

Higher-form symmetry: o & | &

[H, lA]Q] =0, Uy = H&;‘, Q is obtained by a closed loop
[€Q [Up=-1 _ Us=+1

U¢ V V— — V- breaks the ETH, o 08 it

while V, shows the ETH : :

Vol[y] <« Vol[Q] 09
[O. Fukushima and RH, PRL 131 (13), 131602 (2023).] -20 0 20




Demonstration: 2D Lattice Z, gauge theory

A o) —
ERSTET

Remark: other aspects of symmetries

*Non-commutative symmetry operators

— ETH for degenerated eigenstates
Non-Abelian symmetry, Abelian symmetry with projective representation
C. Murthy et al., PRL (2023), S Onoda, O Fukushima, RH, O Morikawa, JHEP, in press (2026)

*Symmetry breaking at finite energy density
KR. Fratus and M. Srednicki, PRE (2015); arXiv (2016)

\VA'A NI LAY 4

y OITUVWO UITG LTT1 Lﬂts ,f ‘wﬁ“
Vol[7] <« Vol[Q] ™05 =

[O. Fukushima and RH, PRL 131 (13), 131602 (2023).] 20 0 20 a




Other mechanisms of
breakdown of thermalization

Review articles:

(Many-body localization)

*R. Nandkishore, D. A. Huse,

Annu. Rev. Condens. Matter Phys. 6 (1), 15-38 (2018)
*P. Sierant et al., Rep. Prog. Phys. 88 026502 (2025)

(Quantum many-body scars, Hilbert-space fragmentation)
*M. Serbyn et al., Nature Physics 17, 675-685 (2021)
*S. Moudgalya et al., Rep. Prog. Phys. 85 086501 (2022)



Classification of quantum many-body systems
Nonintegrable systems ETH holds in

Nontrivial mechanisms are found for the breakdown of ETH
beyond the classification via nonintegrability

INtegraple SySIierms v
Breakdown of ETH

Many-body localization (MBL):
localization via disorder

Quantum many-body scars:
embedded nonthermal eigenstates / subspaces

Hilbert-space fragmentation:
exponentially large splitting of the Hilbert space



Many-body localization (MBL)

Due to strong disorder, thermalization is hindered

L—-1 L
.9) A= J& b+ » hé: hiel-hh
=1 =1

Delocalized regime MBL regime disorder
—
ETH ETH seems absent strength /

The existence of a stable MBL phase
In the thermodynamic limit is still controversial

MBL regime certainly exists at experimentally relevant
finite system sizes and offers interesting physics

P. Sierant et al., Rep. Prog. Phys. 88 026502 (2025)



Nonthermalization in nonintegrable systems:
quantum many-body scars

Array of Rydberg atoms in one dimension

H= Z %&;}“ - Z At + Z Viifig

QA< Adjacent excitations are suppressed (Rydberg blockade)

H. Bernien et al., Nature 551, 579-584 (2017)
a b ﬁ"#lb 0.6-
1,013 nm v, 420 nm Qg

- o
og de )
o8 o 2
3 of gé 8p 08880908
T | %0 @ oo

J
:f o 9 atoms
o 51 atoms

K
Domain-wall density
o o
o EN

MPS

o

y . . . .
92 0 0.4 0.8 1.2

Time after quench (us)

Starting from the Z, state | 1] .- 1] ),
oscillations persist for a long time

Time



Nonthermalization in nonintegrable systems:
quantum many-body scars

A QAI ) o A _ Az
szgai—ZAm—l—ZVnmiH A:O, Q=2<<V PZ: 1 O',L
i i i 2
— H.g = Z pﬁfﬂﬁiw PXP model
(non-integrable)

Rydberg blockade 0
CJ. Turner et al., Nat. Phys. (2018)

CJ. Turner et al., Phys. Rev. B 98, 155134 (2018)

"Quantum many-body scars" @t N0 0T
*There exist eigenstates .1 X iuaatgesn. -
that do not satisfy ETH S
— they affect dynamics of observables Y. z
*Most eigenstates satisfy ETH — - T e
-10 0 10
E

— Typical initial states thermalize,
but initial states with large overlap with the scars do not thermalize

cf. many scar states at nonzero energy in the PXP model are approximate ones



Nonthermalization in nonintegrable systems:
quantum many-body scars

Various mechanisms for the emergence of
quantum many-body scars have been proposed

*Restricted spectrum-generating algebra s. Moudgalya et al., PRB (2020)
*Shiraishi-Mori embedding  N. Shiraishi and T. Mori, PRL (2017)
*Commutant algebra S. Moudgalya and Ol. Motrunich, PRX (2022, 2024)

elC... See also C. Matsui’s talk

In general, the Hamiltonian is block-diagonalized:
non-thermal eigenstates are embedded into thermal spectrum
without local conserved quantities

scar ~—

non-thermal { | E )}



Hilbert-space fragmentation (HSF)

Continuous symmetries: U(1)
Nonintegrable, but with local conserved quantities O
|H,Q0]=0

Block dlagonallzatlon. l?y o @ o0
local conserved quantities 5

Within a sector specified by Q ETH often holds true
(EQ|AIEL) = (EP|A|E?)




Hilbert-space fragmentation (HSF)

Continuous symmetries: U(1)
Nonintegrable, but with local conserved quantities O
|H,Q0]=0

Block dlagonallzatlon. t_>y P @%Q
local conserved quantities 5

Within a sector specified by Q ETH often holds true
(EQAIEL) = (EP|A|E?)

Even after specifying all local conserved quantities,
H© can be further block diagonalized exponentially

— Hilbert space fragmentation (HSF) (EQ|A|EQ)Y + (EQ|A|EQ)
ETH breaks down for local observables = “ ! Z p



Hilbert-space fragmentation (HSF)

Continuous symmetries: U(1)
Nonintegrable, but with local conserved quantities O

HSF was first discussed for models with charge and
dipole-moment conservation laws
S. Pai et al., PRX (2019); P. Sala et al., PRX (2020)

147

Here, | will discuss HSF obtained from
high-dimensional quantum Ising models,

another standard model in qguantum many-body systems
A. Yoshinaga, H. Hakoshima, I. Imoto, Y. Matsuzaki, and RH, PRL 129, 090602 (2022)

A4

J

— Hilbert space fragmentation (HSF) (EQ|A|EQ)Y = (EQ|A|EQ)
ETH breaks down for local observables = “ ! Z p



HSF in the quantum Ising models

High—dimensional TFIM

] _ AZAZ
W+gz Hpy = — 0,0;

Y i

o 370 o

Q. projection operator *—1’—46\—»;—?—4
S

1 if the sum of the surrounding spins is zero; ‘_{!_4
0 otherwise

H=

(i:))
l Effective model at g — 0O (non-integrable)
H=

Nontrivial constraints in dynamics

A. Yoshinaga, H. Hakoshima, |. Imoto, Y. Matsuzaki, and RH, PRL 129, 090602 (2022)



HSF in the quantum Ising models

High-dimensional TFIM
H=Hyy+g),6; Aoy == ¥, 66

Hpyy is dominant over the transverse field

— Only local conserved quantity (except for energy)
Transitions that do not change the domain-wall number are allowed

tAY ALY YV
t Ay o> 4 Ay > Ay

t A A t Ay

Nontrivial constraints in dynamics

A. Yoshinaga, H. Hakoshima, |. Imoto, Y. Matsuzaki, and RH, PRL 129, 090602 (2022)



Frozen regions

Due to dynamical constraints,

invariant (= frozen) regions exist, spatially dividing the system

fikasensaases
A AR
1508005080 00008:
SRS EINENEEETE
SENeNdeNENLAs
SesssdNaastan
FREssdanNNsEs
fkddsaasasnas
et e decae e,
e
S8sssssesENs
SeRSSR3808886

Melting © Frozen
A. Yoshinaga, H. Hakoshima, |. Imoto, Y. Matsuzaki, and RH, PRL 129, 090602 (2022)
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Non-thermal dynamics

Spatial separation by frozen regions lead to HSF
(ETH breaks down even after fixing domain-wall numbers)

@ |y): [T T I TL) ) : [T 1T I 1T IE
Y YY) -apa i
Y Y Y S
) el A H, =
O
(b) o - :
0.0 - lw1) lp2) N .

|
o
N
Entanglement Entropy
- N w B

0 5 10 15 20 25 30
h,t/h

-2.5 0.0 2.5
Energy

— Non-thermal dynamics depending on initial states

A. Yoshinaga, H. Hakoshima, |. Imoto, Y. Matsuzaki, and RH, PRL 129, 090602 (2022)



Classification of quantum many-body systems

Nonintegrable systems ETH holds in

VS-S WAV S W7V VNV

Nontrivial mechanisms are found for the breakdown of ETH
beyond the classification via nonintegrability

rApIE SYSTEMS




Summary: thermalization

ETH provides a sufficient condition for thermalization

ETH holds for many non-integrable systems,
while it generally fails for integrable systems

Locality of observables and conserved quantities (e.g.,
due to symmetries) plays a crucial role in thermalization

Beyond integrability, some mechanisms for the breakdown
of ETH are known, e.g., MBL, many-body scars, and HSF



ETH and hydrodynamics

Towards thermalization:
(I) After fast local relaxation, hydrodynamics sets in
(I) Hydrodynamic modes slowly relax, leading to global thermalization

(Il) affects the structure of matrix elements
in the low-frequency limit e.g., L. Capizzi et al., PRX (2025)

Any = A(E)S,5 + e SEHE, )R,

(I) is not derived from standard ETH
(related approach: operator spreading/hydrodynamics)

V. Khemani et al., PRX (2018); T. Rakovszky et al., PRX (2018)

Outlook: Can ETH be extended to account for
local thermalization/hydrodynamization?
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Beyond thermalization:
second law of thermodynamics
in closed quantum systems

Review articles:
(General quantum thermodynamics)
*J. Goold et al 2016 J. Phys. A: Math. Theor. 49 143001 (2016).

(Quantum batteries)
*F. Campaioli et al., Rev. Mod. Phys. 96, 031001 (2024).



Second law of thermodynamics in closed dynamics

Other laws of thermodynamics beyond thermalization?

Second law of thermodynamics in closed systems

ﬁ
Quench
Time-dependent Increase of
processes entropy
:h Increase of energy
after a cycle
Time—dependen\
processes



Second law of thermodynamics in closed dynamics

Other laws of thermodynamics beyond thermalization?

Second law of thermodynamics in closed systems

Second law of thermodynamics can include general
time-dependent operations, making distinction from
the conventional study of thermalization

Many aspects of the second law
IN quantum many-body systems have still been open!

—— dlter a Cyclie

Time—dependen\
Processes



Planck’s principle from quantum mechanics?

Planck’s principle: In an adiabatic thermodynamic cycle,
no work can be extracted from thermal equilibrium

\ Time-dependent /

Processes

-

Wext:Ei_EfSO

Thermal eq.



Planck’s principle from quantum mechanics?

Planck’s principle: In adiabatic thermodynamic processes,
no work can be extracted from thermal equilibrium

Understanding from closed (unitary) quantum dynamics?

— Te™ f() dtH(7)
E EEf
\ Time-dependent

Processes
H (0) H(t) — HO
Wexe = Tr[Hop] — Tr[Hyp 1 <02



Passive states
e—ﬁﬁo
V4
= Tr[Hyp;] — Tr[Hyp,]

Taking p; = (f > 0), we indeed obtain

W.

ext
= — 7' Tr[p;Inp] — p~' InZ+ p~'"Tr[p;Inp] + ="' InZ
= —p~'D(plp) <0 D(pl16) = Te[pInp] — Te[pIn 6] > 0

States satisfying W, < O is called passive states:

A. Lenard, Journal of Statistical Physics 19, 575 (1978).

If p. = Zpa|E>(E | with p; > p, > E
a=1 ¢
and £, < E, < ---,wehave W_, <0

utl

+ unitary operations can only permutate
the population {p,} without changing its set



Ergotropy

From non-passive states, we can extract energy Wext > ()
If arbitrary unitary operations are possible

. H, = Hy[
— Maximal extractable work 0 . U 0
is called ergotropy - \ergA T
Werg = max Wey, = Tr[Hop;] — Tr[HyDe) 5 ' _._‘;_
l erg

A. E. Allahverdyan et al., Europhys. Lett., 67(4):565 (2004)

Ergotropy W,

ﬁerg IS a passive state obtained via optimal unitary operation

Y

,0,'=2qa|qa><%x| 9 2 9 . _>ﬁerg: anlEa><Ea|

y <E < .. -
H, 2 ol Eo{Eq| Bi=h < Uerg = Z e E.){(q,|
a

a



Paradox in guantum many-body systems

Let’s consider pure states in quantum many-body systems,
which are thermal at the level of observables
(in the sprit of thermalization we discussed previously)

ﬁi — |l/fo><l//0| (Wo |A|‘/fo> ~ <A>mic

We then find an extensive ergotropy,
Inconsistent with the second law of thermodynamics

Wer = (ol A yo) — (E |H|E)) = ON)  Hy =2 Hy =0

o —
Uere | W) = 1 Ey) :\%
U

Key point: in quantum many-body systems, i Py
it is usually difficult to realize the optimal unitary U,




Passivity of pure quantum states at finite times

|dea to resolve the paradox:
Focus on realistic quantum many-body dynamics,
whose Hamiltonians are local / macroscopic

(Local) A. Hokkyo and M. Ueda, Phys. Rev. Lett. 134, 010406 (2025)
(Macroscopic) Y. Chiba, Y. Yoneta, RH, A. Shimizu, arXiv:2602.06657 (2026) [Yuuya’s talk]

| W) (W |A| W) = (A)mic A: macroscopic observables
U =Te hdH®  HE) =Hy+ ) f(0B,
Iz
| l//t> macroscopic operations

If ¢ is independent of /V, an extensive energy cannot be extractable:

W . {wlHlw) = (| H|y,)
Iim = lim <
N-ooco N N—oo N

0




Increase of entropy from quantum pure states?

Increase of entropy from unitary quantum dynamics?

—
Quench/
time-dependent
. unitary "
Po P: (t — OO)
How to define entropy in closed quantum systems?
Von Neumann entropy cannot increase: —Tr[p,Inp,] = — Tr[p,Inp,]

Second law has been discussed for alternative candidates:

(Quench) Diagonal entropy, entanglement entropy, observational entropy
TN. Ikeda et al., Annals of Physics (2015), K. Kaneko et al., PRE (2017),
F. Meier et al., PRX Quantum (2026), ...

(Time-dependence) Macroscopic entropy density
Y. Chiba, Y. Yoneta, RH, A. Shimizu, arXiv:2602.06657 (2026) [Yuuya’s talk]



Summary: the second law in closed quantum dynamics

Second law of thermodynamics is another essential issue
for foundations of thermodynamics

In quantum thermodynamics, Planck’s principle is often
discussed via passivity and ergotropy, but it seems
inconsistent with pure-state thermal equilibrium at first

There are recent developments of justifying the second law
even for pure states in quantum many-body systems



Outline

Part I. Closed quantum systems
Beyond thermalization: second law of thermodynamics
Thermalization, non-integrability, and symmetry

Breakdown of thermalization
Second law of thermodynamics

Part ll. Open quantum systems
Measurement theory and GKSL equations
Stationary states and relaxation in GKSL dynamics
Measurement-induced transitions and Lyapunov spectrum



Nonequilibrium phenomena in open systems

. . isolated from
We have discussed closed systems @ environment

Open systems — Emergence of R, attached with

richer nonequilibrium states - -~ external systems

Even dissipation and measurement can now be experimentally controlled

L e 0 Measurement- [ —
Dissipativ @ . Ul = L o]
21Ssipative f induced phase | |~frlleqUALE
time crystal : " A i el =i ol

< T g transitions |- R rein g =t
P. Kongkhambut et al.,| | é"wﬁrm{gy J.M. Koh et al., — =0
Science (2021) = Nat. Phys. (2023)

What happens to long-time dynamics?
Quantum phases unique to nonequilibrium open systems?



Lessons from part |: spectrum and symmetry

For thermalization in isolated systems,
spectrum and symmetry are important

Spectrum:

dlyy) 4 A
l =Hl|y) — H|E,) =E,|E,)
dt | E,): energy eigenstate

Symmetry: [H, 0] = 0 — conserved quantities (O(t)) = (é(O))

E : energy eigenvalue
(E, <E, <)

Relaxation dynamics in open systems?
Spectrum: Liouvillian spectrum, Lyapunov spectrum

Symmetry: strong symmetry, which leads to conserved quantities



Measurement theory and
GKSL equations

Book/Review articles:

*HM. Wiseman and GJ. Milburn, Quantum Measurement and Control,
Cambridge University Press (2011).

*GT. Landi et al., PRX Quantum 5, 020201 (2024).

*RH, K Mochizuki, H Oshima, Y Fuji, PTEP, ptag055 (2026).



Dissipation and quantum measurement

Dissipation due to, e.g., environment

System loses its information
irreversibly in time

Initial pure states tend to be mixed in time

Quantum measurement | . vonis stored as

measurement outcomes

Unless measurement outcomes are
discarded, initial pure states
remain to be pure




Dissipation and quantum measurement

Dissipation due to, e.g., environment

Quantum measurement | . vonis stored as

measurement outcomes

Unless measurement outcomes are
discarded, initial pure states

meter remain to be pure




Quantum systems under measurement

Review: projective measurement
The system state ﬁS IS projectively measured by a meter

Ps @

Probability of finding k = 0,1,-, : p, = Tr[psP,] I

P.psP,
Pk

Post-measurement state (Born’s rule): pg;, =

— Ensemble average leads to pg = Zpkﬁék = 2 }A’kﬁsﬁk
k k



Quantum systems under measurement

Indirect measurement:
Entangle system and auxiliary system first, ps —

and measure the auxiliary system Usa
y sy 0) (0] ,

Probability of finding 77 = 0,1,++-,: p, = Tr[psMIM,] P, = n)]

X _ Measurement operator
gn(pS) . anSM; M, = (1| Usa | 0)

Py Py Z MM, =1
Z

Post-measurement state:

— Ensemble average leads to p’ = Z %,7(,5) — Z M,?ﬁZ\Al];

n H
Kraus representation



Repeated measurement and quantum trajectories

Repeated measurement R R
R — g;/h(pS) — %;72( %771(’0*9))

System PsS — . X .
Usa

Usa
Auxiliary  |0) (0] @ 0Y (0]
m \ T2

Projective measurement P, = |n) (|

If the measurement outcomes are 71, 11,, ***, 1,
we obtain a state conditioned on measurement outcomes

psmny, sy x & 0 &, 0 &, (Dg)

Quantum trajectories (initially pure states remain pure)



Continuous-time limit and GKSL equation

For weak measurement (small interaction time 07),
we expect the probability of finding # # O is Py>1 & ot

A

l o ses
A . VaN . - T
- Weset M, =Lpn/ot, M, _q=1 5 E L,L,ot

n>1
Usy = 1 + O(57)
A ) C(‘577=0(:55) R — ngg(ﬁs)
PS — ; pS — ;
SA S Al
0) (0] 0) (0]
n=>0 n>0
Most cases Probability o ot

(quantum jumps)



Continuous-time limit and GKSL equation

For weak measurement (small interaction time 07),
we expect the probability of finding # # O is pn>1 X Ot

1

- Weset M, =L/,
Measurement
n =
outcomes

Measurement - =1 == LTL St
operator Mz = Lo Moo ,;

Measurement = (L1 V6t + 0682 | prg=1— Y (LIL V6t + O(5%)
orobability | 7= ) ! ,; !

State after
measurement

P\t + 61) =

1 oM
MypsM,

P




Repeated measurement and GKSL equation

Average pg = Z p,P satisfies the following time evolution

n

dps A
= D Lpsky - —{UL,?, ps)

n>1
By adding Hamiltonian dynamics for pg itself, we have

dps TET A P s it Lipti 4
E — — l[Ha,OS] + ZLWOSL; o E{L;;L’?”OS}

Gorini-Kossakowski-Sudarshan-Lindblad (GKSL) equation



Repeated measurement and GKSL equation

Average p = Z p,/% satisties the following time evolution

PN A A R
= —l(HNHPS—PSHLH)+ ZL;?PSL;; Hyn =H ‘EZL%

Gorini-Kossakowski-Sudarshan-Lindblad (GKSL) equation



Spectral decomposition of GKSL equation

dp R A 1 ~.a
. A1 . A A~ T T N
E — g[ﬂ] — l[Hap] + ;Lﬂpl‘ﬂ _E{LﬂLﬂ’p}

< is linear: spectral decomposition is often useful
For simplicity, we assume the diagonalizability of &

Eigenequation (1 < a < dim[#]?)

L=, ¢, right eigenmode
CAIVAE ﬂjl‘)?a 7. left eigenmode

ZA] = i[H,A] + ZL AL,-—{LiL,.A} Heisenberg representation

Due to non—Hermltlcity, 1, € C, qga + X,



Properties of spectral decomposition

Im[4,] 4
Ll 1=, e
g_;_ [)?a] _ A;lk)?a ° . ‘Tz’ Re[ﬂa]

1. Eigenvalues are real or form complex-conjugate pairs

2. Zero eigenvalue A, = 0 exists, and
¢, = P, is a stationary state

3. All eigenvalues have zero or negative real parts
0 =1, > Re || = Re[4] = - > Re [Agmr



Properties of spectral decomposition

Ll =2, L] =27,

3. All eigenvalues have zero or negative real parts
O — /11 Z Re [ﬂz] Z Re [13] Z e Z Re [j’dlm[%]z] o

>

Im[4,]
As

@—]

[ ]
*—o @ \ 4

The following spectral e Rel4,]
decomposition is possible .

dim[ 7] At A
A A A 7 Tr[)(ap(o)]
p(1) = e[P(0)] = P + cellp,  cu=——
X, o

If A, had positive real parts, coefficients of qga diverge
In time, which contradicts the positivity of the state



Stationary states and relaxation
iIn GKSL dynamics

Review articles:

*RH, K Mochizuki, H Oshima, Y Fuiji, PTEP, ptag055 (2026).

*Z Gong, RH,

International Journal of Modern Physics B 36 (31), 2230007 (2022).



Fate of long-time dynamics of open systems?

Closed systems typically thermalize
In the long time due to the ETH
< It is broken by, e.g., conservation laws

= = - /Hq JH
How about long-time dynamics in open systems?;m&g o

Assuming that the Hilbert-space dimension d is finite,
can we understand properties of infinitely long-time state?

(t = o)
A A* A [d DCZ A
Pt — P; pr=Teh @]
Unlike the closed systems, we here consider dynamics at the level of
density matrices, without considering, e.g., locality of observables

e.g.) Is the steady state unique, irrespective of p,?
What is the speed of relaxation to steady states?



Fate of long-time dynamics of open systems?

Cf
in What is the relation with Liouvillian spectrum? \a
< How to characterize it from symmetry?

y

<

How abou /hg-time dynamics in open systems? iy -

Assuming that the Hilbert-space dimension d is finite,
can we understand properties of infinitely long-time state?

(f = )
A A* A [d DCZ A
Pr — P; pr=Teh @]
Unlike the closed systems, we here consider dynamics at the level of
density matrices, without considering, e.g., locality of observables

e.g.) Is the steady state unique, irrespective of p,?
What is the speed of relaxation to steady states?




Setup and the definition of steady states

Time-independent GKSL equation

A

dp,

‘r¥y A T AT 1 TtT A
E - — Z[Hapt] + ZLﬂpl‘LZ — E{L,ZL:“"DI}
U

While there is at least one steady state, is it unique?

(A(1))4

> 1
unigue steady state

(A(D))

multiple steady states



Setup and the definition of steady states

Time-independent GKSL equation

dp . PR | B
7; - — Z[Hapt] + ZLﬂptLZt — E{L,Z;L/",pt}
H

While there is at least one steady state, is it unique?
(A®D) (A(0))




Setup and the definition of steady states

Time-independent GKSL equation

dp . PR | B
7; - — Z[Hapt] + ZLMPZ‘LZ — E{L,ZL:“,'OI}
U

While there is at least one steady state, is it unique?
(AD)4 (A®)

;

> [
unigue steady state multiple steady states

Here, we discuss the structure of steady state
from the spectrum and symmetry of GKSL equation



Classification of dynamics: spectral viewpoint

Steady-state dynamics is classified by the eigenmodes
satisfying Re[4, ] = 0 — These modes are not decaying

Re[1,] <O 1,=0 Re[A,] =0, |Im[4,]]| > O
(Va > 1) (a> 1) (a > 1)
Unique steady states Multiple time-independent Multiple time-independent &
steady states time-dependent steady states
Imi,] 4 § mi4,] 4 ' Imi4,] 4
[ ) qg — ) : ° N 7 °
1 Pss (,bla ¢2’
e ® ] ®
H.fpz?( I LR
o Re[4,] Re[4 ] ° | Re[4,]
[ Y o




Sufficient condition for multiple steady states

Steady-state dynamics is classified by the eigenmodes
satisfying Re[4, ] = 0 — These modes are not decaying

A,=0 (da>1) Sufficient condition: strong symmetry 1%

Multiple time-independent [ﬁ V] — [z ‘A/] — [iff ‘A/] —0
steady states A ’ n ?
d(V A A
.o B 0,20 = (2101, p0) = 0
o A A A Ay An 1 .. 4
R YA :z[H,A]+ZL;ALH—E{L;L,7,A}
® Re[/la] ~ n .
. V' is conserved — multiple steady states

depending on the initial state

cf) weak symmetry Vw,
V. ZLIpIVi = Z[V, pV!], does not conserve
[B. BuCa and T. Prosen, New J. Phys. (2012); VV. Albert and L. Jiang, PRA (2014)]



Sufficient condition for multiple steady states

Steady-state dynamics is classified by the eigenmodes
satisfying Re[4, ] = 0 — These modes are not decaying

A\

( 2 : ~ LA A AL AA 1 ALA A
R BN LA = ilf, A1+ Y LIAL, - (L], A)
) ‘ Re[4,] A . n .
. V' is conserved — multiple steady states
depending on the initial state

cf) weak symmetry Vw,
V. ZLIpIVi = Z[V, pV!], does not conserve
[B. Buca and T. Prosen, New J. Phys. (2012); VV. Albert and L. Jiang, PRA (2014)]

cf) J.Y. Lee’s talk



Sufficient condition for time-dependent steady states

Steady-state dynamics is classified by the eigenmodes
satisfying Re[4, ] = 0 — These modes are not decaying

Re[4,] =0, |[Im[4 ]| > 0
(Ja > 1)

Multiple time-independent &
time-dependent steady states

Im[4,] I

>
Re[4,]

SIRSH ESERS

Sufficient condition:
strong dynamical symmetry

[A,H] = A, [L,, A] = [L},A] = 0
P« A% (ATY" satisfies
LIpY"™] = i(m — n)wp"'™

— Oscillatory eigenmodes,
time-dependent steady states

cf) A A becomes the strong symmetry

[B. Buc€a et al., Nat. Commun. (2019)]



Sufficient condition for time-dependent steady states

Steady-state dynamics is classified by the eigenmodes
satisfying Re[4, ] = 0 — These modes are not decaying

For Hermitian jump operators lA’n = I:;,
Nontrivial strong dynamical symmetry
<=> Tlme -dependent steady state

Pl o A"p (AT satisfies

Im[4,]
‘ . {60 A4 [ﬁ(”m)] — l(m —n)wp Hm)
—— ,w.R - — QOscillatory eigenmodes,
" Lg i time-dependent steady states
) | cf) A A becomes the strong symmetry

[B. Buca et al., Nat. Commun. (2019)]



Example: dissipative Hubbard model

n B
__ ata 4pt g s
H = 72 JS]S-l—C +ZU”T”JL+€7’+2(J,T ”j,i>
(J.J')s8 J

L
Particle number Z 5. & magnetization S¢ = Z Sz = Z ﬁj’T _ ﬁj’l satisf

J J J
|H, V] = [L]-, V] = [L]Jf, V] = 0 = Time-independent steady states

L;

SU(2) ladder operators St = Z ST (with SJr (S ) = 6TT ;.) satisfy

[A,H] =+ BA, [ i A] = [LJT,A] = (0 — Oscillatory steady states

[B. Buc€a et al., Nat. Commun. (2019)]



Beyond time-independent GKSL equations

Time-dependent GKSL equation

dp n
Tt = = l[ AR 2 tpt — _{LTt /,tt’pt}
Spectral decomposmon IS not generally useful
. A @ . .
e.g., spin 1/2 H, = 582, L, = /y(6" cos wt + & sin wr)

At each time 7, there is
*Only one zero eigenvalue for the Liouvillian

*No nontrivial operator satisfying [Iflt, é] = [lA,t, O] =0

Still, multiple time-dependent steady states exist!

A set of periodic steady states e | + a6 cos wt + a6’ sin wt
depending on a = (67): Pr— "1 2
[H. Yoshida and RH, arXiv:2602.13095 (2026)]




Two distinct strong symmetries

Focusing on the Hermitian jump operators lA’Zt = lA%t,

two distinct strong symmetries characterize the dynamics
Strong symmetry in the Schrédinger picture

&S ={0:[H,0]=[L,,01=0 forallk,z}
Strong symmetry in the interaction picture

&= (0:[L,,.01=0 forallk,z)

5
L, = Ufﬁk,tUt, U, = Texp [—i[ dTI—AIT}
0

We find a hierarchy: €°" C @™

[H. Yoshida and RH, arXiv:2602.13095 (2026)]



Two distinct strong symmetries

For “recurrent” GKSL equations, we have the following:

CInt \ CSch
= # ()

(i) Unique steady state

A lim p, = 1/d
_ (e (4) lim p,
b

-
P

CSch

 {I)

[H. Yoshida and RH, arXiv:2602.13095 (2026)]



Two distinct strong symmetries

For “recurrent” GKSL equations, we have the following:

CInt \ CSch
= # ()

(i) Unique steady state (iv) Time-dependent steady states
without non-trivial time-independent ones

_n| lim p, = 1/d ) Prohibited in
e / , | time-independent GKSL
lim [A) ;= I[/)\;k
CSch I—00
(ii) Multiple time-independent steady states (iii) Multiple time-independent
without time-dependent ones and time-dependent steady states

lim p, = pA;k

(4) lim p, = p* # 1/d (A)] oo ‘/

7# {cl} e ;
\l | + | t
~—_ 1 w e
lim p, = p* # 1/d
[0

[H. Yoshida and RH, arXiv:2602.13095 (2026)]




Two distinct strong symmetries

For “recurrent” GKSL equations, we have the following:

cInt \ cSch
=0 # ()
(i) Unique steady state (iv) Time-dependent steady states
without non-trivial time-independent ones

DIC MNCe-1Nnacpccnuacit ‘ ‘ | 1K (M1C 1UcCpPponuci
without time-dependent ones and time-dependent steady states
lim p, = ﬁ;k

=00

/

lim p, = p* # 1/d

=00

[H. Yoshida and RH, arXiv:2602.13095 (2026)]

sl N mpi= gl )
N

\L




Fate of long-time dynamics of open systems?

Cf
in What is the relation with Liouvillian spectrum? g
< How to characterize it from symmetry?

How aboud /hg-time dynamics in open systems? g

Assuming that the Hilbert-space dimension d is finite,
can we understand properties of infinitely long-time state?

(f = )
A A* A [d QCZ A
Pt — P pr = Telo ™ ]
Unlike the closed systems, we here consider dynamics at the level of
density matrices, without considering, e.g., locality of observables

e.g.) Is the steady state unique, irrespective of p,?
What is the speed of relaxation to steady states?




Relaxation timescale

Assume time-independent GKSL with a unique steady state

dim[ T Im[4,] 4
pa) = e PO = p+ D, cetp,  ° Ay
a=2 °
*—& @ >
Tl £5(0)] e A7 Reldl
C, = < = ° A, ¢
Tl Zihal o

Setting A, := |Re[4,] |, we have ||e’1atq3a|| <lforATl <t
Then, when A7 I < t, we expect p(f) ~ p,.
A5: Liouvillian gap

Gap of £ determines the relaxation timescale 7;,,?



Relaxation timescale

dim| 7} Tr[y ﬁ(o)]
A At —
p(t) =e”'[p0)] = pSS + azz c e c, = o )(Tqba

M. Znidarig,

—1 . :
Trelax ~ A, indeed holds true in many cases! ..: o5

Looking at A, and other low-lying modes, we can discuss

long-time dynamics towards the steady state

e.g.) RH et al., PTEP ptag055 (2026).
*Dissipative phase transitions  F. Minganti et al., PRA 98, 042118 (2018).
P P

*Quantum Mpemba effects F. Carollo et al., PRL 127, 060401 (2021).
*Metastability K. Macieszczak et al., PRL 116, 240404 (2016)

*Relaxation in isolated systems (Ruelle-Pollicot resonances)
T Mori, PRB 109 (6), 064311 (2024) [cf. T. Prosen 2002 J. Phys. A: Math. Gen. (2002)]



Discrepancy between relaxation timescale and gap

dimlzp Tr[ 75(0)]
p(0) = e?'[H0)] = ps + c' b, Ca="" 7
Zz Tr[ 7ia)

—1 : oy
Trelax ~ A, becomes invalid in some cases

1D bosonic system with incoherent hopping (OBC)

L Lo, =./rab" b
n N A ALA N I8 l
H —_— = JZ (b;-_l_lbl + b;bl_l_l) AR _ \/_RA_?_—HA
=1 Lpi= \/y_Lbl—lbl
T. Haga, M. Nakagawa, RH,
VLM /R and M. Ueda, PRL (2021)
Jr\‘/‘AJ
VAVA . AVARVAVAVA
1 2 3 4 L-1 L

Relaxation time 7,.,, grows with L

elax



Discrepancy between relaxation timescale and gap

dimlzp Tr[ 75(0)]
p(0) = e [H(0)] = pys + c' b, Ca="" 7
Zz Tr[ 7ia)

—1 : C
Trelax ~ A, becomes invalid in some cases

1D bosonic system with incoherent hopping (OBC)

N = AT a~ ATA LR,l = V }/RbL_lbl
=1 L, — \/y_L —171

T. Haga, M. Nakagawa, RH,
For J/ = 0 and the single-particle case, adM. Ueda PRL(2021)

the corresponding £ has agap A, = (/7gr — 4 /}/L)2
— For yg # 71, we have A = O(LY) # 7, = O(L)

relax



Discrepancy between relaxation timescale and gap

dim(#p Tr[7p(0)]
p(0) = e?'[H0)] = ps + c.e’P, e ——
” az:; Tr[ 7

—1 : oy
Trelax ~ A, becomes invalid in some cases

¢, can be significantly large (exponentially small denominator)

T. Haga, M. Nakagawa, RH, and M. Ueda, PRL (2021); T. Mori and T. Shirai, PRL (2020)

In the previous example, p(0) v < Yp

we have ¢, ~ e OLIE) 1> qu

— Consistent timescale

Trelax ™~ (lOg Ca)/ | Re[/la] | — O(L) LJ
1

&: localization length of qu



Remark: universality of spectrum in
dissipative quantum chaos

S R
Universality of middle of the spectrum? ~ * %
- | — i
Spectral statistics of complicated o 4 o
. o
open systems are described by 15 —
non-Hermitian random-matrix theory! e Ginibre
= 201 Al
R. Grobe et al., PRL (1988); RH et al., PRL (2019); o [l | 2D Poisson
G. Akemann et al., PRL (2019); AB. Jaiswal EPL (2019); - 05 N
RH et al., PRResearch (2020); L. Sa et al., PRX (2020). j
0.05 1 2 39S

Since middle of the spectrum corresponds
to fast decaying modes, they can be related with
complicated (chaotic) behavior in transient dynamics

RH et al., arXiv:2206.02984 (2022);
D. Mondal Phys. Rev. Lett. 136, 040401 (2026).



Summary: steady states and relaxation speeds

Steady states of time-independent GKSL equations are
classified by their spectra & strong (dynamical) symmetries

Even for time-dependent GKSL equations,
under certain assumptions, steady-state structures can be
classified by two types of strong symmetries

Spectral gap of the Liouvillian often captures the timescale
for relaxation, but exceptional cases also exist



Measurement-induced transitions
and Lyapunov spectrum

Review articles:
(Typicality of quantum trajectories, Lyapunov exponents, MIPT)

*RH, K Mochizuki, H Oshima, Y Fuiji, PTEP, ptag055 (2026).
(Measurement-induced phase transitions and quantum circuits)
*MPA. Fisher et al., Annual Review of Condensed Matter Physics,

14(1), 335 (2023).



Repeated measurement and quantum trajectories

Repeated measurement R R
R — g;/h(pS) — %;72( %771(’0*9))

System PsS — . X .
Usa

Usa
Auxiliary  |0) (0] @ 10Y (0]
m \ T2

Projective measurement P, = |n) (|

If the measurement outcomes are 71, 11,, ***, 1,
we obtain a state conditioned on measurement outcomes

psmsny, -y x &) 0 &, 0 &, (Dg)

Quantum trajectories (initially pure states remain pure)



Repeated measurement and quantum trajectories

Repeated measurement R
%r]l(pS)

| — 1,8, (09)

Quantum trajectories can exhibit interesting physics
that is hidden in dynamics averaged over outcomes
(like GKSL equation)

If the measurement outcomes are 7, 115, ***, 1,
we obtain a state conditioned on measurement outcomes

b

ﬁs(l’l;i’h, "t ﬂn) X %;7" ° "'%;72 ° %m(ﬁs)

Quantum trajectories (initially pure states remain pure)



Quantum trajectories vs averaged dynamics

Quantum trajectories
ﬁ(”l, His oo ﬂn) X %ﬂn ° .“%’72 ° %ﬂl(p/\)
Averaged dynamics & = 2 &
i

pn) = Elp(nsmy, - sml = Y &, 8, &, () = &"(D)

Average over outcomes

*Linear observables basically do not make distinctions

*Nonlinear observables can:
e.g., quantum trajectories purify the mixed state,
while the average dynamics mixes the pure state



Linear observables basically do not make distinctions

Compare linear observables for two states
(A(M)qr = Trlp(n;ny, ==+, M)A

(A(n)) = Tr[p(n)A]

Even without ensemble average,
we have “ergodicity” of typical quantum trajectories,

; ; A B. Kimmerer and H. Maassen,
it % has a unique Steady state pSS' J. Phys. A: Math. Gen. (2004);

seeAaIso RH et al., PTEP (2026).

- E[{A(n))qr] = (A(n))

For almost all measurement outcomes,

(A))or = (A())

or, equivalently, ﬁ(n, His ***s ﬂn) — ﬁSS trajectory 2

>
_ti _ n
Long-time average = Ensemble average Ergodic




Nonlinear observables: purification of quantum trajectories

Measurement leads to purification of mixed states

Extreme case: projective measurement

PPy
Pk

H. Maassen and B. Kimmerer,

_ _ Lecture Notes-Monograph Series (2006);
Even for indirect measurement, see also RH et al., PTEP (2026).

we have the following result under certain assumptions:

For P, = | k)(k|, we have a pure state after measurement = | k){k|

For almost all measurement outcomes,

lim % = lim Tr{p(n;n,, -, n,)7 ] =1

n—o0 n—oo

Almost all states are purified!



Nonlinear observables: purification of quantum trajectories

Measurement leads to purification of mixed states

Is purification dynamics captured by spectral property?
Usual spectrum cannot be applied:
pasny, -oi,) < &, 0 &, o &, (P) x M, M, pM; M,

highly time-dependent due to random measurement outcomes!

~ For almost all measurement outcomes, |

lim % = lim Tr{p(n;n,, -, n,)7 ] =1

n—o0 n—oo

Almost all states are purified!



Lyapunov exponents

Considering a maximal mixed initial state, we have

A . 9 A A A _ _Ijl(n) -
p(m;ny, -+, n,) Mﬂn'"MmM;;l"'M;;n — o~ H@n

(n)( ):_Ll M MMM
’7 0, 05 mt " M,

2 €D D)W, D)
Under some assumptions, et,i(ﬁ) converges in the long time

irrespective of initial states & measurement outcomes,
for almost all measurement outcomes

lim 8n,i(77) — & Lyapunov exponents

n—oo
T. Benoist et al., Probability Theory and Related Fields (2019); see also RH et al., PTEP (2026).



Lyapunov exponents

Considering a maximal mixed initial state, we have

N

~ A A A . r(n) 2

| Inlong times, we have
p(n;ng, ===, m,) ~ |\Pn,1(ﬁ)><‘yn,1(ﬁ)| + ce™2" | \Pn,2(ﬁ)><\yn,2(ﬁ)|

A = &, — &;: Lyapunov gap

A controls the rate for the relaxation to steady states
(e.g., in purification dynamics)

i RISl S i wiiey S bendd

for almost all measurement outcomes

lim 8,1,1-(77)) — & Lyapunov exponents

n—oo
T. Benoist et al., Probability Theory and Related Fields (2019); see also RH et al., PTEP (2026).



Purification transitions in many-body systems

Many-body dynamics vs measurement — novel transition

L B. Skinner et al., PRX (2019); Y. Li et al., PRB (2019); A. Chan et al., PRB (2019).
> >
AEEEEEYX Il/A/t) : depend on random measurement outcomes
? 99999009 : unitary gate
EERERER e : measurement (purify the state)
— P py=1/d

Almost all trajectories p(n; iy, +++, 17,) purify in the infinitely long time,

but what is the rate r for purification? P, ~ 1 —ce™"

Purification Non-purifying Purifying
transition r = ¢ OW) r = O(LY)

MJ. Gullans and DA. Huse, PRX (2020) transition measurement strength



Measurement-induced spectral transitions

Since r ~ A, can we find a transition for the Lyapunov gap?

Yes! Consider gap in the thermodynamic limit A = lim A
and change the measurement strength g Y JOS
10 : ] 10 T T ! T '
10° F paensed 9T | ]
: L Ll 3 8 I s
0 | " ﬁi“““ Const{, o 7L gapped ;|
102 +§%*i% -6 —— | L 6| .
< 3 +IicE s — ° i
107 F +x:Got =10 1 T,
(0% #*é?z L=12 88— 3 B . -
e A B ]
107° EEE..‘ exponentia| L:18 e i 1 ? - gapless . f -
6 [m 2 _ ] - ‘ .
107 E deCay I|:=§g oA E 0 —o---o---o---o--0—--!-—: --------------------------- -
10- | | | | | | ) | | i A |
01 02 03 04 05 06 0.7 1 0.1 0.15 0.2 0.25 0.3
g N g
Spectral transition

g small = A_ = 0 (gapless phase)

to ~0.2
g large = A_ # 0 (gapped phase) atg. =0



MIPT for entanglement, spectrum and purification

We also find measurement-induced phase transitions for
entanglement of pure states at the same transition point

(Half-chain) Volume law Area law
Entanglement 0
entropy §=0() S =0(L")
Lyapunov Gapless Gapped
spectrum A = ¢ OW) A = O(LY
Burificat Non-purifying Purifying
urification
r = e_O(L) = O(LO)

-

transition measurement strength



MIPT for entanglement, spectrum and purification

We also find measurement-induced phase transitions for
entanglement of pure states at the same transition point

(Half-chain) Volume law Area law
Entanglement 0
entropy §=0() S =0O(L")

Lyapunov Gapless Gapped
spectrum A = ¢ OW) A = O(LY

The correspondence between entanglement and
_ spectral transitions makes an interesting analogy to
 ground-state quantum phase transitions in isolated systems |
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Summary: measurement-induced transitions

Quantum trajectories can exhibit interesting physics absent
In averaged dynamics, especially for nonlinear quantities

Almost all quantum trajectories purify,
whose rate is captured by the Lyapunov exponents

For quantum many-body systems under measurement,
measurement-induced transitions for purification rates,
Lyapunov exponents, and entanglement can appear



Overall summary

Closed quantum systems

ETH provides a standard mechanism for thermalization, but it can be
broken by e.g., integrability, symmetries, scars, and fragmentation

Thermalization is not the whole story:
second law of thermodynamics raises another fundamental question

Open quantum systems

Liouvillian spectra and strong symmetries give crucial information at
and around steady states, while spectra can sometimes be insufficient

Measurement and many-body interaction lead to nontrivial transition
of purification, entanglement, and the Lyapunov spectrum



