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gComplexity of quantum states
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.. Quantum measurement

monitored dynamics )
[W(wi)) o< V(we) [1ho) # e [Wo), Vwe) = M(w)Uy--- M(w1)Us
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M(\L)Ul Wo .\M w2 ran.dom |
Wt = (Ulawla T 7Utawt) —¢‘¢(U1 \L’ UQ,J,)) trajectories
m==fp unitary dynamics (A]t .\ quantum measurement N

= random jump == I> M(wt)
[ fundameﬁ




IMonitored systems and complexity

monitored dynamics )
[P(wi)) o< Vi(wy) [10) # e~ P0) V(wt) = M(Wt)Ut - M (w1)Us

unitary dynamics [A]t “ quantum measurement M (wt)

increasing complexity } decreasing complexity \

(1T1) + 1) @ [12) M(1 ) (|T1T2) + [{1d2)) oc [T1) @ [12)

C
C.f. NOT\/_ C.f.
_ E(HITZ} F o)) M(] 1)E(|T1T2> + [d1d2)) o< [41) @ [42)

competition = intriguing phase transitions in many-body systems

%\

our work:
revealing measurement-induced transitions related to
quantum complexity and the spectrum of V(wt)
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Y hy we consider the spectrum

B o

isolated quantum systems monitored quantum systems
governed by Hamiltonians  not governed by Hamiltonians

intriguing complexity transitions
owing to measurements (discussed later)

spectrum, our work

ground state,
@ topology,
dynamics,
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: \“Boson sampllng problem

injection of detection of
many photons output photons ({nln} {nout} t)

evolutlon by
optlcal elements

V() 1322 Zvyx

Photon probabilities can be hard to compute by classical computers
= computational complexity / quantum supremacy



,‘ \\,_Permanent of the matrlx

fermion— det|[Vout.in ()] : €asy to compute

P({nin}, {nout },t) < [Per[Vout,in(t)] |2 typically hard to compute! 1
Per[V(t)] — Z H Vya(y) (t) Vyguty (t), Vyguty (t), -
o Y Vout,ln( ) ( Vyéuty ( )’Vyguty (t) o )

ooooooooo

l\) f

p :
Yin/out + input/output port of the pth photon

- - .» yéut =1 ygut — 3
s =P V= 1( Vii(t)| Via(t) | Vis(t) : \
Y - Va1 (t) Voo (t) Vo3 (t) :
" o V() = | [ Vai(t)] Vaa(t) [Vss(t)
= Yo =4 Vi (t) Vio (t) Va3 (t) e
{ninjout} = (] in/out nzn/ out ) Z n;f/ °U — I the number of photons



V(t) : random matrix
input : single photon

V(t) : positive/shallow
input : coherent/thermal

hardness
easiness

S. Aaronson, A. Arkhipov, Theory Comput. 9, 143 (2013).

n/Y : the number of photons/states
M. Jerrum, et.al., Journal of the ACM, 51, 4, 671-697 (2004).

__/_in/out in/out
C. Oh, et.al., Phys. Rev. A 104, 022407 (2021). {nin /Out} = (n] e Ty )
S. R. Keshari, et al, Phys. Rev. Lett. 114, 060501 (2015). v in/out
*¥ hard/easy & exponential/polynomial computational time of n Zy:l Ty =n

characterization of dynamics/phase by computational complexity




1sion. to monitored systems, Objective

photon measurement & no-detection postselection + 1
= non-unitary dynamics with number conservation V (t) 7& V (t)

: various phenomena unique
 to non-unitary dynamics:
: * PT symmetry breaking
i = unidirectional propagation

L. Xiao, X. Zhan, Z. H. Bian, K. K. Wang, X. Zhang, X. P. Wang,
J. Li, Ken Mochizuki, D. Kim, N. Kawakami, W. Yi, H. Obuse,
B. C. Sanders, and P. Xue, Nature Physics 13, 1117 (2017).

L. Xiao, T. Deng, K. Wang, G. Zhu, Z. Wang, W. Yi, and P. Xue,
Nature Physics 16, 761 (2020).



: unitary evolution

- i ol (5 2

Vt

7 : strength of measurement experimentally feas1ble
L. Xiao, X. Zhan, Z. H. Bian, K. K. Wang, X. Zhang, X. P. Wang, J. Li, Ken Mochizuki, Y= (I h/ U)
D. Kim, N. Kawakami, W. Yi, H. Obuse, B. C. Sanders, and P. Xue, Nature Physics 13, 1117 (2017). x : position

Parity-Time (PT) symmetry Pty — —y, T =y = +v h/v : polarization
(PTV(PT) L=V £Vl PT = Z —) (] ® 03K

Ken Mochizuki, D. Kim, H. Obuse, Physical Review A 93, 062116 (2016).

P({nin}, {nout },t) o [Per[Vout in(t)]]’



y PT symmetry breaklng

PT |6k = |ox) PT k) # |&k) (PTV(PT) ' =Vt £VT
PT symmetric phase PT broken phase Vor) = Ak |dk)

VTIPT () = AL PT o)

ﬂ—hb’)/
threshold
weak loss 677’?820122 strong loss |\, | > [Ag|--- > |y

PT tr] PT broken [~ 7 - - —=——==<= -
- Isymme HC_ ’ . o Ien : PT symmetry breaking |
|
! ] IR |
:%5 (1-2 :%5 I huge effects on complexity |
\é/o i | \ k‘ —1- \é/o lthrough distinguishability! |
'__04.5 - - P_TJ‘S . and Ryusuke Hamazaki,
Physical Review Research 5, 013177 (2023).
-1k =1 -1t 01 = 0.65m, O3 = 0.257
-1.5 15 -

RCO\S oscﬂlatlon e 78 attenuatlon/ divergence



_Absorption to the classical distribution

classical

Ml

» easy fo compute

= Z [P({nin}, {nout }+t) — Pa({nin}; {nout }, )|
{nout}
PT broken [ D(t) < ¢ == computable within § ]
i -3 D(t) , | -
o) 10 * g g
=0 of ~ . 1 *
£ 10 ¢ g ) PT symmetric<{ 11 -
-0.5¢ \10_3; SN R, 1%» =
_11_5 : ~ = 4; g ~ _PT broken < 14 =
-1. - -0. -4[ ~ _
RCOS 107 =3 & i "
5[ o SR "
|)\k| 7é 1 10 - X =300 I r o ~ . | computable!
‘ 10 6 ---------------------------------- x$ ---------------- max-s 5.\_<ma_x -------- \\v ------ )
bunching of photons 4000 8000 ¢ 15000 16000

PT symmetry breaking = computable distribution in the long run

and Ryusuke Hamazaki, Physical Review Research 5, 013177 (2023).



Bunching state in-the PT-broken phase

f
I entanglement entropy

Ry _ R [V o= ]
Vg ) = Ailer), (or|V = Aoy I Sp2(n) oclog(n)

|
|
I
|)\1| Z |)\2| Z e Z |)\Y| l D. Kagamihara, R. Kaneko, K. Mochizuki, |
/

|A1 |t > |A2 |t | and I. Danshita, in preparation.

) | 170 = (B1) " 10) /! # 5 ET i)
v, (t

B;L - Z<y|¢§{>5?]; A, B : half chain

Y ubiquitous in non-unitary dynamics!

" V=) X165 (@F] =~ AL lor) (o1

. ‘ [Tt [Kyptlor)I?
empty qbg) ({nln} {nout} t) N]__Iy 1nout!

~ Pd({nin}v {nout}at) D(t) ~ ()

R
qbl > computable distribution!
and Ryusuke Hamazaki, Physical Review Research 5, 013177 (2023).
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Monitored many-body spin systems

B ey - Py

B -

: gquantum gate ‘1/)) — U:r,x—|—1 |1,b>

' competition = transition!
% measurement on 2, ) — M(wz) |9)

4

with probability p m (wg;)
measurement operator: |\A/|(ww — j:) — I+ 2,
2

Salv(wy)] o< |A] - Safih(wy)] o [A]°



ment-induced entanglement transition

- " \
N S : ; il . _—— . )

small
e e o T ay)] o A Lap(¥) = 8a(¥) + Sp(¥) — Sap(¥)
100 -—pi0.04 :p:O.ZO 5
—— ool o o 1{040B),, —(Oa), (OB), | < Lip ()
3 | e ) 21042052 =
\‘5 p=0.14 | | |
512» P = 1046 | volume area Ty
/Z/ - — | . B =128]
/’M’T; 3 003 ~= e
1 —_ [ = |
O Sal(we)] < JA® ot [ Lesiz)
0.5} g E 0.02k
5 10 50 100 ’ B
‘A‘ % |A| = |B| = L/8
~ 0.01}
Y. Li et.al., PRB 100, 134306 (2019).
0'08;0 0.1 0.2 0.3 0.4 0.5

P measurement rate

volume-area entanglement transition €= peak of 145[(w;)] |




the spectral gap A = e5 — 1, &; < é&i4q
transition of the gap <= ground-state phase transition

- =

gapless phase gapped phase

logarithmic-law area-law pararjleter
Sa(Wr) oclog(|4])  Sa(¥) A7 oo xx7 chain

ﬁ — Za: Xﬂ:Xm—l—l + 1,}a}}}:‘,r'—l—l + JZAme—I—l

entanglement entropy
>log(|A|) e slog(|AN)| Sa(¥) = —tra (pa () log[pa ()])

' c.f. spectral gap = classification of quantum phases in 1solated systems
Be1 Zeng et.al. “Quantum Information Meets Quantum Mattes” (Springer) I



[ entanglement scaling -, .
L] spectrum gapless ’ gy
. : A — 0

L topological invariant

E;
phase-A phase-B gapped [ A

parameter

L entanglement scaling
? spectrum
? topological invariant

hase-A hase-B
me—l_pguparameter

M entanglement transition €= spectrum/topology ??

40) @ Conventional spectral analysis seems difficult
\; temporal randomness due to measurement ¢
jump!® |1 (wy)) » no static generator |y (w;)) # e —iHt 190)




Ken Mochizuki and Ryusuke Hamazaki

‘ 'the results Phys Rev. Lett. 134, 010410 (2025)

Measurement induced entanglement transitions
are related to some spectral/topologlcal features??
analys1s of the Lyapunov spectrum * V&S

gapless
A#0 gapped
A=0
volume-law phase area-law phase
strength of

measurement

Salth(we)] oc |A] Salt(wy)] o [A]°

' measurement-induced topological transition :
'Oshlma Mochizuki, Hamazaki, Fuji, PRL 134, 240401 (2025)



Ken Mochizuki

2| interacting hybrid circuit

random nonunitary dynamics: wy = (U, w1, -+, Up,wy)
many trajectories conditioned on measurement outcomes

W(%)) X Mn(wt)f]t T Mn(wl)ﬁl |w0>

x generalized measurement

Born probability: 5
P(wilwi1) = [Ny ()0 [o(@i-))| My(wre =) o T £0Z,

1 @ strength of measurement

A

M??
Urs My (wy) = H My (wt,)
Mn (wtzl) Wt = (wt,iE:l) T 7wt,£8=L)

e L U [ quantum gate
S 1,41
\r\_/_\_/_ »>r=12-- L U: =]

(Wi—g) Wtz = 1 : measurement outcomes

A )



Ken Mochizuki

—~ Lyapunov analy5|s

T T p——

effective “Hamiltonian™ (wy) = — Qit log [f/(wt ) %4 (wy )
e magmary- e i [ o] ~ P H{o ],

A ctf. U(t) = exp(—iHt) — H = ilog[U(t)]/t
H(wy) |Wi(we)) = eiwe) [Wilwr)) , eilwr) < gigrlwr)

ground state : | U1 (w;)) analogy to ground-state transitions

in isolated quantum systems

D (wy)) oc VT(wy) [i(wr))
V(w) = ZGXP (—€it) [Wilwe)) (Pi(wr)| > [T (wy)) (Pr(wr)]

absorptionzto the ground state: ¢ > 1/A — | (wy)) >~ |V (wy))



Ken Mochizuki

H(wy) [W(wy)) = ei(we) [Ti(wy)), gilwy) < gigr(wy)
spectral gap: A = lim A(wy), A(w;) = ea(wy) — e1(wy)

t— 00
1-8L- S A A 7] ‘measurement strength
1.6 various symbols: d spectral transition!

14 | different,traje,c;tories - 18 ' | ' '

’§ 12 & :- Wi, Wy, Wy, gl gapped phases |
Gl |
~— & _ 7 1 h | f 7
<] os8F s | gapless phase | |
06 | 5 - § ¢ -
0.4 | 4 r | ]
0.2 3 - i * i
t 1 . ® f B
A : independent of trajectories 0 @0 000 -8 B - 7
1

) | | | | |
global quantity! \ 0.05 0.1 0.15 0.2 0.25 0.3

owling to ergodicity/irreducibility of the monitored dynamics
Hamazaki, Mochizuki, Oshima, Fuji, PTEP 052A01 (2026).




Gpound-state entanglement entropy

T TP

6 | | | | | .
Aa s [ \_0|1\ T T T and R. Hamazakl
51 L nos e ] Phys. Rev. Lett. 134, 010410 (2025).
—~ 4 _.I. A L=6 —+—
E | °l | 5
N B | = —k—A
S = ciz = Lap(¥) = Sa(¥) + 55(¢) — San(¥)
“ 2 —XXXX**D.L‘A T e o000 0@ 07 Li16
oty ol e peakof I = Iy g [ (wy)
al +++§§§E¢, 6 810121416182022 [_0p | 4 | .
38 L =22 s » phase transition!
; | |
14 |- L=18 —e—
: L=20 —=a—

pa(Y) = tra(|¥) (V)

small 77 : volume law Sy /5(n) o< L

large 1) * area law Sy, /o(n) o LY




AM)/107

b

1, ()10

-oincidence of the thresholds

Bl =

18 I : ] , Ryusuke Hamazaki,

g L | i Physical Review Letters 134, 010410 (2025).
7t Tle = 02 ¢ ~

4l o | H(w) [Wi(wy)) = ei(wr) [Pi(wy))
4 b ; i

2 I . i ] gapless phase = volume-law phase
R ] A(n)=0  Spyan) oL

-1

gapped phase = area-law phase

A(m)#0  Spya(n) o L

analogous to isolated quantum systems

$

concepts established in isolated systems
can be extended to monitored systems

| c.f. measurement-induced topological transition !

|
| ' Oshima, Mochizuki, Hamazaki, Fuji, PRL 134, 240401 (2025). !
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single-particle dynamics : P({nin}, {nout}, t) o |Per[Vout,in(t)]|*
[Y(t+1)) =V ](t)) Vit = v PerV(t)] = 2, TT, Vi) (t)

X

() = Z ( zhg;g ) ) wave plates :)(éhanges of polar;zati_on.s ,
R .0(9) = l2) (= ( g e )
V =0C(0:/2)SG(+7)C(02)G(—7)SC(6:1/2) — sinf  cos
L. Xiao, X. Zhan, Z. H. Bian, beam displacers position shift of photons

K. K. Wang, X. Zhang, X. P. Wang,

J. Li, Ken Mochizuki, D. Kim, |:l: — 1 0
N. Kawakami, W. Yi, H. Obuse, ﬁ S = E |$ + 1) <$|

B. C. Sanders and P. Xue,

partially polarizing beam splitters :
polarization dependent photon losses
=non-unitary dynamics /1 £ /1

-S4 2

Parity-Time (PT) symmetry :
(PTHV(PT) ' =V~ PT =




PN =VIED) y _ 06, 12)SG(4+)C02)G(=)SC (6, /2)

1nitial state x |
C(f\/2) c) =3 |z) (2 ( cos  —sinf )

sinf cosf

S~ €
<
=
|
]
VRN
< =
=>=
=8 8
~ o+
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—gBehavior in the short-time regime

"

- g
b T z 2 =
r p -

actual distribution pr.ob.abilijcy distributipn of | easy to
of many ph% dlstlngu1shalw compute
”7(75) — Z |P({nin}7 {nout}v t) — Pd({nin}a {nout}a t)|
{nout}
t 0 threshold! threshold!
n(t) <0 100 R
computable within § 10 A
10 t5 <t
n = 37 X — 300 —_1 0‘6 I d a] IIIIIiIIIHH“!||||||||I\I\I\|”"'"‘”“Ilml 6
initi : = ; _ eI
initial state : N A L
X/n X/n ':10_10
PR PR unitary  *
> 10712 PT-symmetric o
T 14| ot eas PT-broken C©
Al 2 Al ‘09 0" L S
x:%,h 3[3:%’7.) m—%X,fu 40 60 80 100 f120 140 160 180 200

t < t(sszl/i : neglectable overlap of single-particle distributions = distinguishable
t 2 145 deviation from the computable distribution due to quantum interference

PT symmetry breaking enlarges the computable region



Originofsthe enlargement for the computable region

e N \
- {
wd o ¥ /\ ———
v P s a s | P ha " 1Q11 Ik ] q; £ D ) A J ' ¢ 3 ~
poo— L oY 2171 A U LY U Ul C I1cC alan s L 1VS1Cal ineview LESEed N O, U J \4LVU4LD <

single-particle dynamics with [/(t = 0)) = |z = 0) @ (|h) +i|v))/V2

0.05 — PT symmetric 0.08 — PT broken
0.04] 1o );_ ~ 0.07 6'7:1_5_
S5 S ool
0.03 ] 051
1 7 0.04|
3 002/ | =003}
= Mol =+ :"N‘ Wh":
0 l“lmh"'”mlull ‘M i MWhhn nmIWho il l’l'l’ﬂl“wn “l’lim.JH“ ‘I | —— .;I'l hrl'l"r-
-100 -50 §
X

ballistic V/{(x2(t)) — (z(t))2 o t diffusive /(z2(t)) — (z(£))2 o V1

—————————————————————

| Diffusive dynamics can
| be derived analytically. |

—————————————————————




Dech\ thon of the dlffuswe dynamlcs

15— 6 1-15 — Z 6—’668 k)t ’(,bR ))( ( )’
5 - D
s z ei(k):ei(k:())iz—k2,D>O
= 1 @ 0 | 2
g E 4l (¢ = 0)) = |z = 0) |og) quadratic dispersion

0557 -0.2](/&) 02 04 04 02 9 02 04  N(t) :/ dk {oo| [VT(E)]'VE(K) |oo)

T T

iy - St W O ()T T A
(o (1) = 2T ()] k (ol [V (1) dkrvum 0
t d”

extraction of leadmg terms

—1i)" f+oo dke™ 27" ge B t f+00 dke= P! (\/7]{)

! +o0
extension of the f_oo dke— Dkt f_oo dke—Dk2t

integral range [T dk exp (—DE2t + BLe? + ig Dik) e[ Dr\
(exp[€x(t)]) ~ — = exp o
| dkexp(—DEk?t)

2

. . o0 T 2 . .
H, 7]{7 : Hermite Polynomial Z'r:() H,.(y)z"/r! = exp(2yz — 27): generating function

Moment generating function corresponds to that of Gaussian distribution



&P T symmetry breaking

S A e e 3 5

Parity-Time symmetry (PT symmetry) H+H f

PT symmetry of eigenstates
preserved (oscillation) :

(PTVH(PT) ' = H < PT ) = ) — & : real
broken (attenuation/divergence) :

G Bendermds bocwcher, [T | y) = €1 |p1)  PT |dy) # 1) — e;: complex

PT symmetry of a Hamiltonian

typical behavior in PT symmetric systems: | unique transition in open systems! |

drastic change of dynamics!

PT symmetric phase PT broken phase

PT |¢) = &) PT o) # o)

threshold



_Jransition of purification timescale

I
mixed-state dynamics : M (w) pl\A/lT (w)
¥ measurement P — - - :
tr [I\/I(w)pMT(w)
i at ‘o N
purification at 7 : S{p(w;,)| ~ 0 015 | : |
S ( p) — —tr [p log( p)] Mixed phase . Pure phase
=00 | | T=0(L"
purification transition in ~ 0.1
the mixed-state dynamics - — x (pc — p)”
| :
i : L
= 005! o Po = I/2
O) 1
M. J. Gullans et.al., PRX 10, 041020 (2020). 0 ' :
0.12 0.14 0.16 0.18 0.2

p : measurement probability



m. in systems with no randomness

—

" T~ - "<

systems described by time-independent generators

SI(0) = B 0(1), a0 = La(0),

the spectrum of K — —iI:I, L

.

essential information of the system




Spectral gap in open quantum systems
, e, RO | A PR

(aad gt

Markovian open quantum systems

d . . A A AN
Sh) =Lot)  p(t) =S p(0) = Y e,

| the spectral gap A = |Re(A2) — Re(A1)], Re(A;) > Re(\jq1)
' == the relaxation time to the stationary state 1 /A

environment




Averaged dynamics

dynamics averaged over measurement outcomes and random unitaries:

po(t+1) = 3 [ dUNL @)D, (0031} )

trivial steady state pss = I/ 2 for any 1) » no transition

R. Hamazaki, K. Mochizuki, H. Oshima, and Y. Fuji, arXiv:2512.19922

(1hy(we)| O |9y (wr)) ZP (W) (Vg (wi)| O [y (wi)) = tr[py (1)O]

| Measurement-induced transitions are unique to quantum trajectories |




Ken Mochizuki

Spectral gap

H,(wr) W) (w)) = e (wi) [T (1)), ey (wr) < g0 (wr)

n n
: L L _ 2,L 1,L
spectral gap’ A, (1) = Jim A n(we), Ay(wy) = ey (we) — ey (we)
"v“C— 10' E I | | | T
L consiart
1 : i
1 j different symbols: (0 E ” *““.nnn- 'E
_ 1.2 . different trajectories =102 L ﬁﬁﬁ e ]
3 ® F ++;§% L=8 ——<—1 3
~— 1 o ) +>ézk< % L=10
RPN e (=12 & ]
q 0.8 1 -*; g% L=14 —=m—
: L=16 —
064 E_E.‘ L=18 —e— 3
0.4 | - ‘decreasmg =18 ;
s . S L=2 e
10 10 10 10 0 01 02 03 04 05 06 0.7

t
AL (77) - independent of trajectories

smalln: lim AL(n) =0

global quantity! I— 00

77 ‘measurement strength large 1) : Llim Ar (?7) # 0
L : system size —




Ken Mochizuki

_Spectral transition

R .
=107 ++§§§ﬁﬁ R spectral transition!
\: 107 __+£§é%§ II:_'1Ig % = 18 ! I | I
- x —HE— 7 B ! N
< 102 :;E.gﬁ exponentlallyt 13 i 7 s | | gapped phases_|
10° el | decreasing |18+ e 3 &~ 7 f 1 h i f -
10-6 ;_. L=20 +—=a— _; lQ 6 | gap ess p ase : B
F L=22 —=— 3 ~ |
10-7 | | | | | | N 5F f —
0 01 02 03 04 05 06 07 ’E. 4 | | _
"l 3,0 . :
fitting: i . ! l
®
fit _ —L D/e-o-0-0 @ - -8 L. -
AL (77) — A(TI) -+ 04(77) [/8(?7)] 1 | .| | | |

A(n) = lim AFf(n) B



_Comparison of transitions

A . PNE v ," o T ;_' i

Monitored dynamics where Well-known equilibrium systems
Hamiltonians can be non-local| described by local Hamiltonians

Gapped SL/2 — O(LO) @ SL/2 — O(LO)
phase Ar = O(L%) Ar = O(LY)
Gapless 8L/2 = O(L) SL/2 — O[log(L)]
phase A = exp [—O(L)] Ay = O[l/pOly(L)]
’? *1D systems
M « e.g. )gXZ model
long-range interaction = volume law?

T. Udagawa and H. Katsura, B. Zeng, X. Chen, D.-L. Zhou, and X.-G. Wen,
J. Phys. A: Math. Theor. 50 (2017) 405002. Quantum information meets quantum matter (Springer, 2019).

, Ryusuke Hamazaki, Physical Review Letters 134, 010410 (2025).
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