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The model is given by the 3d gravity action
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dS/CFT*‘TFIS [Strominger 2001, Witten 2001, Maldacena 2002,---.]
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2RITCFTTIE. N[wllF) 2a—EILEREFLLY,

Cople) =~ [ duiel(0,0) + 0.0 + ezw]Hezw L

Z
=/MET.AJSEHt=ZHIR |



(5-2) $EHES DAL S DS DRI
¥[g, w] = e“*l- ¥[¢,w = 0]

lCdS

CZD —

Lorentzian Cylinder:

Liouville eq. Z &=
RIRES DOFIEIE

Z11o&
e 4’
e = ;
Bas Cosz( ﬂ(D]
ds

ds21=—H! 452 dS3

j ded | (0,0) +(8,0)" -]

ds* = & (—~dp® + d?).

Tt RRIES
DY E2e



® BhHYIc

(REETHENLEH LIS H A L )

N559«—[EE ENERE. BREOEFILEL—5—"7
7 77/@ S>EFMEORE. BFHE -BRE~FHLLAR

F EFRMEFEY HNORFEY? §

J
N ENEROBRIRFErOESK?
\_ BlH >EFEHERZEBETI-O0O8 )

s BREINGTIERZI ORI YE—(AIS)FHIZL.
CFTDEFIAT LAV EIGZER AR (REIXTT) HEIF,
SAISOEEI AR, BRI 22T LAV GEIF,

- BB ERFFELLUOLRDYE2—FHWAS)IE.
CFTOERIM I AT LAV SIS EE A R (REIXRTT) K EIF,



CREHYNESITTLVELT =,






HEED — i8R AU V\(AdSd+1/CFTd) [=-=#006--]

dD/2 pd-1

S =
42GYT(d/2-1/2)

ee { l , l
P d3[_] +C log(— (1f~s= even)
L & E |
—RRIZ. FERRIR Pe (. FHRITDCFTTIE

E R IH(FEA DAV EERY
-1 =[d"?xJh P(RK)

amERrcl  {RBRITOCFTTIElogRmD
CHEOBFRELSTEHS, | RBEHNEERDCentral charge




=R - 585 A DEER

EFIFHROEREGHRFXDHELIETE [Lieb-Ruskai 73]
N ZRIZEIBATE S !
CB@ >

A A

B _

C% o 8 = (B:D: SAUB_l_SBuCZSAuBuC_I_SB
[Headr ick-E 40 2007]

A

B _ > >

C

>
| [EFREROFEX=RAFO=BFER 45! |

O W >

O W >
O T =

= S, 5t 28,+5,




HEEISX 9" S B FHIE(EFENINR)

E ﬁ BAHIZBITAHEERA T -5 2006, Hubeny-Rangamani-=#J 2007 ]

S — Min E Area(T,) C/F-VAdSF
4= 1nFAxt_ 4Gy | A

JL—TFHIE 1/GN+1+GN+---

o CFTM1/N ##H1E B MA
EFMIEZIRY ANT-HEEA R /E@glement Wedge
_ Area(ly)
SA = Min Ext 1G ~+ SBulk(MA)
['g N Bulk EE

[Faulkner—Lewkowycz—Maldacena 2013,

Quantum Extremal Surface Engelhardt—Wall 2014]



A Toy Example: Coupled Harmonic Oscillators A B

1
2 g [a.fa+bfb+,\a*bT+ab +1\/1/\2]. me

\, 1 - AQ ( ) (p )mp _ .' """ +

AB nq y

A = tanh 2¢

a —i to
[paBlZy? = (Wol1a - (|b2) (bal), - Pe Jux @12 (Ia-z>é11|)1 - [Wo)io

T
» Pas * Pus
"3 14+e 0 + (1 —e ") cosh4f
' Purification
S(p,)#0 P = mixed needs extra

Hilbert space



Pseudo entropy (Time-like entanglement entropy)

How does SAB look like ?

When b? —t? +4z5 > 0,

C
SAB = Elog[

b*—t? +4z(2,
dez '

When b? —t*+4z5 <0,

t2—p? —4z%
4-€Z0

SABzglog[ ]+§ic.

rAB can be time-like in a traversable wormhole.

T
» S,s becomes complex valued because O 45 = P45 -
Thus, S, should be regarded as pseudo entropy.



(4-2) Double trace deformation of External BH (Model B)

Startwith |TFD) = N, e PHuwi/4 |n),|n),

=» Add interactions H,, = f dxdyA(x,y)01(x)0,(y)

* [AdS hote| CF
CET1 wormhole|CFT2 H,.=H,+H,+H,,

U1l

U1 — ei)LOl

= Tr[e—itthot (eitlHtot Ule_itlHtot) |TFD><TFD | (eitlHtot U'{e—itlHtot) eitthot] '

\ 4

(0,) = Tr{0,p,] ~ (TFD|0,|TFD) + iA{TFD|[04(t), 0,]|TFD) + 0(2?)

Non-vanishing due to the interactions @pjw * P45




(4-3) Wormbhole via Janus deformation (Model A)
[Harper-Kawamoto-Maeda-Nakamura-TT 2026]

Janus deformation = asymmetric exactly marginal
[Bak-Gutperle-Hirano 03]

perturbations in a pair of CFTs
Scrri = Sé(l?T + 7/_’- dxd01 (x)

Scrrr = S((j(l):)T - 7ded02 (x)

®\We consider the TFD state of the doubled CFT for d=2.

¢In the standard Janus deformation, vy is real valued.
We will extend y to imaginary values.



Entanglement between CFT1 and CFT2

CFT1 CFT2_y Si=7 1 +1-27
t pl  Areaof throat Monotonically
i l decreasing

function of y?

In the dual CFT, this is dual to the PE/EE in the deformed TFD state:
'TFD(3,7)) = N exp 'Z e 3B (5111 260 alb! + cos 26 ((HDE — (bj)z))“ 0)

1i=1

Ty

NS

(TFD(S3,7)| = J@’{{H exp lz e 3B (:-sin 20 a;b; + cos 20 ((ai)g — (hi)g))] 0 =
1=1
S, becomes its maximum at 6=mn/4 (i.e. no deformation) and
decreases as y? gets larger. For imaginaryy, it increases.

This is consistent with the gravity dual.



Why traversable without interactions ?

The Hamiltonians H; and H, of CFT1 and CFT2 for y=imaginary
becomes non-Hermitian:

H=H,+yV, H,=H,+y V, suchthat H =H,
They have different eigen-vectors with complex eigen-values:

H, n+> =k n+>, H, n_> =E n_>,

n

<n+ H, = <n+ ‘EZ, <n_ H, = <n_ £,

n

where we introduce their (Hermitian) conjugations by ‘ni>T = <n

They satisfy <n$ ‘mi> =0, s Z‘ni ><n¢ ‘ =1.

This motivates us to define the modified conjugation ¥ by

-+

(n.|O[m_) =(m.|0"|n).




The initial and final TFD state look like ~ CFT1| Adswormhole |CFT2

D)= e ), ]

, Excitation Q(OQ
(TFD| =Y (n_| (n_|,e +" " . ULl

n

The density matrix p = ‘TFD><TFD‘ is not Hermitian p' # p.

(H1+H2)

However, it satisfies ,0I = 0, implying ¥ is good for the conjugation.

An observer in CFT2 probes the state:

—itoH® gD A1) (D) — () ot (D) o (2)
pr =€ ito H TI'l [(6 it1 H ezao ezt1H_|_ )|TFD)(TFD|(€ it1H e 1O eltlH+ ) ethH_ -

When the CFT1 is excited by U; = ¢@0 " the CFT2 observer sees

(0P (t2)) = Tr[p20"]
~ (TFD|O®|TFD) +ia(TFD| (0®(t2)0OW(t,) — OW () 0P (ts)) |TF D),

We have [0,,0,]=0, but this is non-vanishing !
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