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Introduction

Higher-dimensional black hole spacetimes are actively discussed in
the context of string theories and braneworld models.

v 5D squashed Kaluza-Klein black hole solutions asymptote to
effective 4D spacetimes with twisted S! as extra dimension at
infinity and represent fully 5D black holes near S3 horizons.

» It could be regarded as candidates of realistic higher-dimensional
models and would describe geometry around astrophysical
compact objects.

v"We consider total frequency shift of photons emitted by massive
test particles around charged squashed Kaluza-Klein black holes.

v"We derive corrections of photon frequency shifts to general
relativity, which are related to size of extra dimension and
charges of objects.
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Gravitational redshift
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Cosmological redshift
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Kaluza-Klein black holes with squashed S* horizons
(H. Ishihara and K. Matsuno)

v" Exact solution of five-dimensional minimal ungauged supergravity

K2 2
ds? = —Fdf’ +—dp* + p*K*(d6? + sin’0dg?) + % (dy + cos Odgp)?
2M 2
"Audx“:—@dt, F:l——+Q—2, K2 =142
2p P P P
po=\M>—Q>4+12/4-M, M>Q>0,  7100>0

( M : Komar mass, Q : black hole charge, r,, : extra dimension size at infinity )
* p—>00: twisted constant S! fiber over 4D Minkowski spacetime

* Parameter p,: typical scale of transition from five dimensions
to effective four dimensions

* po—~>0 limit: four-dimensional Reissner-Nordstrom black hole
with twisted constant S! fiber



Charged particle motions in charged Kaluza-Klein spacetime

m "y :
L= Eg,wa:“az” + gApxt : Lagrangian for charged massive test particle

. E qQ mr 2
> Constants of motion | £ = mo = Fi+ Py = 472 (?’b T cos gé)
P
(q\:\@c]) ' L 5 r2 COS 6
2m | J, — . ]
L=—=p K2sin20¢ 4+~ T (zp + coqub)

v' Assumption: py = 0 (no momentum in extra dimensional direction )

» Effective Lagrangian has same form in 4D spherically symmetric spacetime case:

5 K? . ,
Lot = 2 [ —Fi2 + 2 52 + p2 K202 + p2K2sin2042 | — maQ;
2 F P
v" We can concentrate on orbits with § = /2 and § = 0.
po\ [(dp -
v' Energy conservation (1 T p) (d'r) (E V-i—) (E V- )
equation: 1 R
_4Q 2M Q2
Vi=—= 1 —— —l—
p p (p + £0)




Charged particle motions in charged Kaluza-Klein spacetime

po\ (dP\? _ (£ - _aQ 2M | Q? L?
(H_F) (_) = (B~ Ver) (B-1-) Vﬁf_?-l_d(l_ p +p2) (1+p(p+po))

dr

v' Charged particles behaves as ones in 4D spherically symmetric spacetime.

(L/M=4, Q/M=0.35, r./M=1) (L/M=4, Q/M=0.35, q/m=0.2)
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v Radius of stable circular orbit satisfying V=0, V=0, V"= 0
increases with increasing particle charge g/m.
decreases with increasing size of extra dimension r_/M.



Gravitational frequency shifts in charged Kaluza-Klein spacetime

e Emitter, observer and photon trajectories all lie in effective 4D spacetime.

Massless test particles:

—F (kt)2 + KFQ (kP)? 4 p?° K2 (k9)2 + p2K?sin? 6 (k¢)2 =0

Constants of motion: E, = Fk', L, = P2 K2k®

v’ Static emitter (e) and observer (d): uf — 1

VFE

(¢ =e,d) only.

1

» Photon frequency shifts ( p,> p, ):

2 2
1+Z:ﬁ:—kuu“’|e_ 1-2M/pq+ Q /Pd

wg  —kuutly  \1—2M/pe+ Q2/ p2

vV w.>w, < A,> A, gravitational redshift
e d d e

v No extra dimensional correction between static emitter and observer.
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Photon frequency shifts in charged Kaluza-Klein spacetime

* Photon emitter moving around KK black hole in stable circular orbit

Line of sight
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v Emitter, observer and photon trajectories with k° = 0 all lie in O = /2
in effective four-dimensional spacetime.

v"When black hole is rotating, red and blue trajectories would not be

symmetric due to frame dragging effect. "



Photon frequency shifts in charged Kaluza-Klein spacetime

i 2 2
Massless test particles with k» =0in & =mn/2: — F (kt) —+ p2K2 (kgb) =0

Constants of motion: E., = FkL, Ly = p2K2k¢
L 2K2
4P
E~ F
Emitter: uncharged massive test particle in stable circular orbit p
ue = \/ 9/ (GooTi — itdhs)s  ul = \/ g1t/ (9tt9hp — 9pe9it)
 Observer far away from black hole: !, = (1,0,0,0)

» Impact parameters: b1 o 1=

A

» Total photon frequency shifts (redshift z;, blueshift z,):

We —k ’U;'UJ|
14212 =1+ zgrv & 2¢in = — = ———€ = u,

_ 2(p+ po) (Mp — Q) | 200\ , (4p+3p0) Q2] /7
= (\ 2,0+poid 22— 2Mp+ Q2 [2p+,002M (3+p)+ 2

— Ue — b’yl,ng)

* po—>0 limit: total photon frequency shifts by 4D Reissner-Nordstrom black holes
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Photon frequency shifts in charged Kaluza-Klein spacetime

v For fixed emission radius p/M, z, and z, increase with increasing

Redshiftz, (/M =0)
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Blueshiftz, (a/M=0)

reo/M

v 2,(01sc0) and z,(p o) decrease with increasing r../M.
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Photon frequency shifts in charged Kaluza-Klein spacetime

Redshiftz, (r../M=1) Blueshift z, (r../M=1)
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v For fixed emission radius p/M, z, and z, decrease with increasing

black hole charge Q/M.

v 2,(01sco) and z,(p,sco) increase with increasing Q/M.
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Observational effects in photon frequency shifts

* Differences between total frequency shifts in squashed KK spacetime and
in 4D Schwarzschild spacetime (i =1, 2):

2 2
7, KK 7,Sch ~ 81 —bn, O = "o R Q@
Z; Sch 32Mp 8Mp

d1 1073
5. < 1043 - : megamaser system at the center of NGC 4258 galaxy
2

~ (roozo.l mm, Q <3x10% C, M ~8 x 1037 kg, p~ 10%° m)

-

» Corrections by extra dimension and charge for supermassive black holes
would not appear to be relevant for present and near future observations.

v Uncharged black hole mass and extra dimension size in terms of
observational quantities in squashed Kaluza-Klein spacetime

X = (1+2))(1+2,), Y := (2+z,+2,)%:

o(X —1)  2p /22X (X +1) - Y)(X(Y +8) —3Y)/X
ox T IX(Y +4) — 2V

M =
14



Summary

We study motions of massive and massless test particles around
astrophysical compact objects in five-dimensional charged static
squashed Kaluza-Klein black hole spacetime.

* We derive total frequency shifts of photons emitted by
uncharged massive test particles around compact objects with
corrections by extra dimension and Maxwell field.

v'These corrections for supermassive black holes would not

appear to be relevant for present and near future observations.

* If precise astrophysical observations of these phenomena by
compact objects agree with expected values of general
relativity, it would require rigorous upper limits of size of extra
dimension, or it would exclude squashed Kaluza-Klein metric
for describing geometry around such objects.
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Appendix



Periapsis shift by squashed Kaluza-Klein black hole

* Energy conservation equation of charged particle (u=1/p):

(du)2 _B2-1 2M+ (B -1)po-20EQ (2M (1- @‘22 szo) 3

dé 72 72 3 b
1 —G%) Q% — 2Mpg + 2GEQpo
_ (1 _l_ ( ) EQ u2 . Q2u4

» Bound orbit of charged particle (/: semilatus rectum, e: eccentricity ):

0?Msin? (v9) (M_2)

l
S =1 + ecos(v¢) +

aM BM?
[ 2’

[ 12

v=1 «, 3,0 = const.

v’ Periapsis shift angle of charged test particle:

mM 200 _ Q% _ 4@ | ¢°Q° (1 Qz)]JFO(M? q3)

S = |64 20 _ % _ _ % ?
PKK T T T2 T T e M2 27 m3
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Periapsis shift angle in charged Kaluza-Klein spacetime
sorcr = ™ [ 4 200 _ Q% qQ3 n °Q? (1_62_2)] +O(M2 q3)

[ M M2  mM3 " m2M?2 M?2 127 m3
(//M=20, Q/M=0.35) (//M=20, r./M=1) __ __
201 l109] [106 1.06 N 1.0} gl 2 ™
0.8}
1.5}
0.6}
0.4} £
0.5}
0.2}
0.0k . : . . 0.0k : : : .
-2 -1 0 1 2 -10 -5 0 3 10
. . . q/m . q/m
v Periapsis shift angle increases v’ Negative periapsis shift angle
with increasing extra dimension exists in the case of large Q/M

size r__/M. and g/m. 18



Observational effects in periapsis shift

» Difference between shift angles in sq. KK spacetime and in 4D Schwarzschild spacetime:

SPKK — Spsch . Q* - 5%
~ —§ oo, 071 = N I—
Sdscn 102, 0= gme 020 o

51 <107°, 8, ~1071% :Mercury around Sun
(Q <4x10 C, roo~0.1 mm)

61 < 107>, d5 ~ 107> :LAGEOS Il satellite around Earth
(R £3x10™ C, reo ~0.1 mm)

51 10737, 55 ~ 1072° : 52 around Sgr A*
(Q§3 x 108 C, reo ~ 0.1 mm)

v’ Correction by extra dimension might be detected in future
observations around Earth.
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